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Abstract
In this article, we consider the geodesic flow on a compact rank 1 Riemannian man-
ifold M without focal points, whose universal cover is denoted by X . On the ideal
boundary X(∞) of X , we show the existence and uniqueness of the Busemann density,
which is realized via the Patterson-Sullivan measure. Based on the the Patterson-
Sullivan measure, we show that the geodesic flow on M has a unique invariant measure
of maximal entropy. We also obtain the asymptotic growth rate of the volume of
geodesic spheres in X and the growth rate of the number of closed geodesics on M .
These results generalize the work of Margulis and Knieper in the case of negative and
nonpositive curvature respectively.
Keywords and phrases: Geodesic flows, no focal points, Patterson-Sullivan measure,
measure of maximal entropy.
1 Introduction and main results
In this article, we study the geodesic flow on a connected closed (compact and having
no boundary) rank 1 manifold without focal points. We consider the invariant measure of
maximal entropy of the geodesic flow. The uniqueness of such a measure for the geodesic
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flow on compact manifolds with nonpositive curvature is an important topic in the theory of
geodesic flows, which was previously studied by R. Bowen (cf. [8]) and G. Margulis (cf. [29])
in the case of negative curvature, and then proved by G. Knieper for the geodesic flow on
a rank 1 manifold with nonpositive curvature (cf. [23]). By following the ideas in [23], we
extend Knieper’s result to rank 1 manifolds without focal points and prove the existence
and uniqueness of the invariant measure of maximal entropy. We will also discuss some
related topics, including the distribution of periodic geodesics on a rank 1 manifold without
focal points and the asymptotic growth of the volume of geodesic spheres in the universal
cover of the manifold.
Suppose that (M,g) is a C∞ connected compact n-dimensional Riemannian manifold,
where g is a Riemannian metric. For each p ∈M and v ∈ TpM , let γv be the unique geodesic
satisfying the initial conditions γv(0) = p and γ
′
v(0) = v. The geodesic flow φ = (φ
t)t∈R
(generated by the Riemannian metric g) on the unit tangent bundle SM is defined as:
φt : SM → SM, (p, v) 7→ (γv(t), γ
′
v(t)), ∀ t ∈ R.
Without special indication, all geodesics we are considering in this paper are the geodesics
with unit speed.
A φ-invariant probability measure µ is called the measure of maximal entropy if hµ(φ) ≥
hν(φ) for any φ-invariant probability measure ν. By the variational principle, hµ(φ) =
htop(g), where htop(g) denotes the topological entropy of the geodesic flow on SM . In
1970, Margulis constructed a measure of maximal entropy for the geodesic flow on a compact
Riemannian manifold of variable negative curvature, in his dissertation at Moscow State
University. His results were first published in [29] as a short announcement. Later in [30] he
gave more details, and the whole proofs were published eventually in [31]. Using different
methods, Bowen also constructed a maximal entropy measure in [6] in 1972, for hyperbolic
flows, of which the geodesic flow on a compact manifold of negative curvature is a primary
example. Later in [8] he proved that in this case (negative curvature), the maximal entropy
measure of the geodesic flow is unique. Therefore, the maximal entropy measures for the
geodesic flows constructed by Bowen and Margulis are eventually the same one. Thus we
call this measure the Bowen-Margulis measure.
In 1984, A. Katok conjectured that the geodesic flow on a compact rank 1 manifold of
nonpositive curvature admits a unique invariant maximal entropy measure (cf. [10]). Here,
a rank 1 geodesic is a geodesic which does not have a parallel perpendicular Jacobi field,
and a rank 1 manifold is a Riemannian manifold which admits a rank 1 geodesic. More
precisely, we present the definition of rank in the following:
Definition 1.1. For each v ∈ SM , we define rank(v) to be the dimension of the vector
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space of parallel Jacobi fields along the geodesic γv, and rank(M):=min{rank(v) | v ∈ SM}.
For a geodesic γ we define rank(γ)=rank(γ′(t)), ∀ t ∈ R.
IfM is a rank 1 manifold, the unit tangent bundle SM splits into two invariant subsets:
the regular set reg := {v ∈ SM | rank(v) = 1}, and its complement sing := SM \reg, which
is called the singular set. It is still not known if the singular set has zero Liouville volume.
This is a wide open problem since 1980’s, and the positive answer will imply the ergodicity
of the geodesic flow on rank 1 manifolds of nonpositive curvature or without focal points
w.r.t. Liouville measure (cf. [40, 42]). We also remark that if M has rank greater than
1 and of nonpositive curvature, the celebrated higher rank rigidity theorem, which was
established independently by W. Ballmann and K. Burns-R. Spatzier in [2] and [11] based
on the work in W. Ballmann-M. Brin-P. Eberlein (cf. [4]) and W. Ballmann-M. Brin-R.
Spatzier (cf. [5]), asserts that the universal cover X of M is a flat Euclidean space, a
symmetric space of noncompact type, a space of rank 1, or a product of the above types.
The higher rank rigidity theorem is also extended to the manifolds without focal points (cf.
[39]) and a class of Finsler manifolds (cf. [41]).
Katok’s conjecture was eventually proved by Knieper in [23]. In his proof, instead of
considering the measures supported on closed geodesics as in [6], Knieper studied the so-
called Busemann density defined by using the Poincare´ series, and used it to construct the
measure of maximal entropy (we call it Knieper measure). Knieper’s innovative work points
out a new way to study the measure of maximal entropy for geodesic flows. An immediate
question is that does this result hold for more general situations? The manifolds without
focal points / conjugate points are usually considered to be the natural extension of the
conception of manifolds with nonpositive curvature.
Definition 1.2. Let γ be a geodesic on (M,g). A pair of distinct points p = γ(t1) and
q = γ(t2) are called focal if there is a Jacobi field J along γ such that J(t1) = 0, J
′(t1) 6= 0
and d
dt
‖J(t)‖2 |t=t2= 0; p = γ(t1) and q = γ(t2) are called conjugate if there is a non-
identically-zero Jacobi field J along γ such that J(t1) = 0 = J(t2).
A compact Riemannian manifold (M,g) is called a manifold without focal points /
without conjugate points if there is no focal points / conjugate points on any geodesic in
(M,g).
From the definitions, it is easy to see that if a manifold has no focal points then it has
no conjugate points. It is well known that all manifolds with nonpositive curvature have
no focal points. In this sense, manifolds without focal / conjugate points can be regarded
as a generalization of the manifolds with nonpositive curvature. This generalization is
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non-trivial, since it is easy to construct a compact manifold without focal points whose
curvature is not everywhere nonpositive (cf. [18]).
In this paper we generalize Knieper’s work and prove the existence and uniqueness of
the measure of maximal entropy on a compact rank 1 manifolds without focal points, by
employing Knieper’s idea to the more general situation. This is the following theorem:
Theorem A. Suppose (M,g) is a smooth compact rank 1 Riemannian manifold without
focal points, then
1. the geodesic flow on (M,g) has a unique measure of maximal entropy;
2. htop(φ|sing) < htop(g), where htop(g) is the topological entropy of the geodesic flow on
SM , and htop(φ|sing) is the topological entropy of the geodesic flow restricted on sing.
Remark 1. In a recent preprint [17], K. Gelfert and R. Ruggiero proved that the geodesic
flow on a compact surface without focal points has a unique measure of maximal entropy.
Their idea is to consider the time-preserving semi-conjugacy from the geodesic flow to a
continuous expansive flow with a local product structure, which has a unique measure of
maximal entropy.
The property htop(φ|sing) < htop(g) is usually called the “entropy gap” for the geodesic
flows. It is obtained for the geodesic flows on compact rank 1 manifolds of nonpositve
curvature by Knieper in [23]. Recently, this is generalized to a “pressure gap” for the
geodesic flows on compact rank 1 manifolds of nonpositve curvature, by using a different
method by K. Burns-V. Climenhaga-T. Fisher-D. J. Thompson in [9]. Our result shows
the entropy gap in the situation of no focal points.
The key ingredient in the proof is the Patterson-Sullivan measure constructed from the
Poincare´ series. LetM = X/Γ be a compact rank 1 manifold without focal points, where X
is the universal cover of M and Γ is a discrete subgroup of the isometry group Iso(X). We
will extend the Patterson-Sullivan construction to the rank 1 manifolds without focal points,
and show that the Patterson-Sullivan measure is essentially the unique Busemann density.
We will discuss the notion of Busemann density and the Patterson-Sullivan construction in
Subsection 3.1.
We note that in nonpositive curvature case, Knieper’s method relies on the convexity
properties of various distance functions. In no focal points case, convexity property are
replaced by sort of the no maxima property. Nevertheless, some results such as flat strip
lemma remain true. In the course of the proof of Theorem A, we establish all the geometric
properties needed in Knieper’s method, more precisely Propositions 2.3, 2.6, 2.8-2.11 and
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2.14. In Propositions 2.3 and 2.6, we prove the continuity property of geodesics at infinity
and describe the property of cones of simply connected manifolds without focal points; in
Proposition 2.8 we show that compact manifolds without focal points satisfy the duality
condition, a property that has many important applications, including the rank rigidity
theory in nonpositive curvature(cf. [3, 14]); in Propositions 2.9-2.11, we establish the ex-
istence of the connecting geodesics between the neighborhoods of the endpoints of a rank
1 geodesic, which is crucial for the semi-local properties in the no focal case appearing in
Subsection 3.2; in Proposition 2.14, we prove that the fundamental group acts minimally on
the ideal boundary, which is extraordinarily important in our discussion on the Patterson-
Sullivan measure (see Proposition 3.22). These properties are important for the study of
the dynamics of the geodesic flows on rank 1 manifolds with no focal points, and hence of
independent interests. Recently in [27] we used these properties to prove that the geodesic
flows on compact rank 1 manifolds without focal points are topologically transitive.
Theorem B. Let M = X/Γ be a compact rank 1 manifold without focal points, then up
to a multiplicative constant, the Busemann density is unique, i.e., the Patterson-Sullivan
measure is the unique Busemann density.
The Busemann density was first constructed by Patterson in [34]. Uniqueness of the
Busemann density was established by Sullivan (cf. [38]) for compact manifolds of negative
curvature and by Knieper (cf. [22]) for compact rank 1 manifolds of nonpositive curvature.
To our knowledge, it is the first time the Busemann density is considered for compact rank
1 manifold without focal points, in Theorem B. We also show that the critical exponent of
the Poincare´ series of the co-compact group Γ ⊂ Iso(X) with M = X \ Γ coincide with the
topological entropy of the geodesic flow on SM .
Since the Poincare´ series is of divergent type, the Patterson-Sullivan measure can be
used to construct a finite measure on SX which is invariant under the geodesic flow and
Γ-action. The main work in this article is to show the invariant measure under the geodesic
flow on SM constructed in this way is the unique measure of maximal entropy, proving
Theorem A.
Furthermore, the power of the Patterson-Sullivan measure is not only limited to this
problem. It can also be used to investigate the asymptotic geometry of the rank 1 compact
manifolds without focal points. Let B(x, r) be a geodesic ball in X about x with radius
r > 0, and S(x, r) = ∂B(x, r) be a geodesic sphere in X. Let h = htop(g) be the topological
entropy of the geodesic flow, which will be shown to coincide with the critical exponent of
the Poincare´ series of the co-compact group Γ ⊂ Iso(X) with M = X \ Γ, as mentioned
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above. The classical results of Manning (cf. [28]) and Freire-Man˜e´ (cf. [16]) show
h = lim
r→∞
log Vol(B(x, r))
r
.
In [29], Margulis obtained a finer estimate in the case of negative curvature: there are
constants a > 0 and r0 > 0 such that
1
a
≤
Vol(S(x, r))
eh·r
≤ a, ∀ r > r0.
It is Knieper who applied the Patterson-Sullivan measure to obtain a same result on the
asymptotic growth of the volume of the geodesic spheres for compact rank 1 manifolds of
nonpositive curvature (cf. [22]). His method can be extended to compact rank 1 manifolds
without focal points:
Theorem C. Suppose (M,g) is a compact rank 1 manifold without focal points and X is
its universal cover. Let x ∈ X be an arbitrary point and S(x, r) be the sphere centered at x
with radius r. Then there are constants a > 0 and r0 > 0 such that
1
a
≤
Vol(S(x, r))
eh·r
≤ a, ∀ r > r0,
where h = htop(g) is the critical exponent of the Poincare´ series of the group Γ ⊂ Iso(X)
with M = X \ Γ.
A straightforward application of Theorem A is estimating the distribution of the reg-
ular and singular primitive closed geodesics with a given upper-bound of the periods on a
compact rank 1 manifold without focal points. Here, we say a closed geodesic is primitive,
if it is not an iterate of another closed geodesic. If a closed geodesic staying in the regular
set, we call it a regular closed geodesic, otherwise we call it a singular closed geodesics. Let
P(M) be a maximal set of geometrically distinct primitive closed geodesics which represent
different free homotopy classes. For each constant t > 0, we use P(t) to denote the set of
geodesics in P(M) with least periods less than or equal to t. Note that since the flat strip
theorem holds for manifolds without focal points, the least periods of all closed geodesics
are equal in a given free homotopy class. Let Preg(t) ⊂ P(t) be the subset of regular closed
geodesics in P(t), and Psing(t) = P(t)\Preg(t) be the subset of singular closed geodesics in
P(t). Denote by Preg(t) := ♯Preg(t) and Psing(t) := ♯Psing(t). Then Theorem A (2) and
Theorem C imply the following result:
Theorem D. Let (M,g) be a compact rank 1 Riemannian manifold without focal points.
Then there exist a > 0 and t1 > 0 such that for all t > t1,
eht
at
≤ Preg(t) ≤ ae
ht.
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Moreover, there exist positive constants ǫ and t2 such that
Psing(t)
Preg(t)
≤ e−ǫt, t > t2.
This paper is organized in the following way: In Section 2, we study the geometric
properties of rank 1 manifolds without focal points, which will be frequently used in our
subsequent discussion. We present the Patterson-Sullivan construction for rank 1 manifolds
without focal points and prove Theorem B in Section 3. A key technical result about the
Patterson-Sullivan measure is prepared in Subsection 3.2. Then Theorem C is proved in
Sections 4. In the last two Sections 5 and 6, we prove Theorems A and D. We should point
out that our main arguments follow the ideas of Knieper’s work in [22] and [23], which are
showed to work for geodesic flows on rank 1 manifolds without focal points, based on the
geometric properties we establish in this paper.
2 Geometric properties of rank 1 manifolds without focal
points
In this section, we present some geometric results on rank 1 manifolds without focal
points, which will be used in the following discussions. We remark that, although in this
paper we only discuss the rank 1 manifolds without focal points, some of the results are
also valid in more general situations.
Let X be the universal covering manifold of M and d is the distance function on X
induced by the lifted Riemannian metric g˜ on X. Suppose h1 and h2 are both geodesics in
X. We call h1 and h2 are positively asymptotic if there is a positive number C > 0 such
that
d(h1(t), h2(t)) ≤ C, ∀ t ≥ 0. (2.1)
We say h1 and h2 are negatively asymptotic if (2.1) holds for all t ≤ 0. h1 and h2 are said
to be biasymptotic if they are both positively asymptotic and negatively asymptotic. The
relation of (positive / negative) asymptoticity is an equivalence relation between geodesics
on X. The class of geodesics that are positively / negatively asymptotic to a given geodesic
γ is denoted by γ(+∞) / γ(−∞) respectively. We call them points at infinity. Obviously,
γv(−∞) = γ−v(+∞). We use X(∞) to denote the set of all points at infinity, and call it
the boundary at infinity, or the ideal boundary.
Let X = X ∪X(∞). For each point p ∈ X and v ∈ SpX, each points x, y ∈ X − {p},
positive numbers ǫ and r, and subset A ⊂ X − {p}, we define the following notations:
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• γp,x is the geodesic from p to x and satisfies γp,x(0) = p.
• ∡p(x, y) = ∡(γ
′
p,x(0), γ
′
p,y(0)).
• ∡p(A) = sup{∡p(a, b) | a, b ∈ A}.
• ∡(v, x) = ∡(v, γ′p,x(0)).
• C(v, ǫ) = {a ∈ X − {p} | ∡(v, a) < ǫ}.
• Cǫ(v) = C(v, ǫ) ∩X(∞) = {γw(+∞) | w ∈ SxX,∠(v,w) < ǫ}.
• TC(v, ǫ, r) = {q ∈ X | ∡p(γv(+∞), q) < ǫ} − {q ∈ X | d(p, q) ≤ r}.
TC(v, ǫ, r) is called the truncated cone with axis v and angle ǫ. Obviously γv(+∞) ∈
TC(v, ǫ, r). There is a unique topology τ on X such that for each ξ ∈ X(∞) the set
of truncated cones containing ξ forms a local basis for τ at ξ. This topology is usually
called the cone topology. Under this topology, X is homeomorphic to the closed unit ball
in Rdim(X), and the ideal boundary X(∞) is homeomorphic to the unit sphere Sdim(X)−1.
For more details about the cone topology, see [15] and [14].
The following results of manifolds without focal points are well known. We state them
as two lemmas here, for these results will be used very often in this paper.
Lemma 2.1 (cf. O’Sullivan [32]). Let X be a simply connected Riemannian manifold with-
out focal points.
1. Let h1 and h2 be a pair of distinct geodesic rays starting from a same point in X.
Then for t > 0, the function dh1,h2(t) := d(h1(t), h2(t)) is strictly increasing, and
limt→+∞ dh1,h2(t) = +∞.
2. Let h1 and h2 be a pair of positively asymptotic geodesics. Then the distance function
dh1,h2(t) = d(h1(t), h2(t)) is non-increasing for all t ∈ R.
Remark 2. Lemma 2.1 implies that on a simply connected Riemannian manifold without
focal points, two distinct geodesics can not be positively or negatively asymptotic if they
cross at some point on X.
Lemma 2.2 (cf. for example Proposition 2.8 in Katok [19]). Let h1 and h2 be two distinct
geodesics on a simply connected Riemannian manifold without focal points, then for any
a ∈ R and t ∈ [0, a], the following inequality holds:
d(h1(t), h2(t)) ≤ d(h1(0), h2(0)) + d(h1(a), h2(a)).
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Our first result in this section is the property of the continuity to infinity. We define a
metric δ on SX by
δ(v,w) := d(πv, πw) + d(exp v, expw).
It can be shown that this distance is equivalent to the distance induced by the standard
Sasaki metric. The following proposition shows the continuity of the map (v, t) 7→ γv(t)
from SX × [−∞,+∞] to X with respect to the metric δ, on a simply connected manifold
without focal points. It is the no focal points version of Proposition 2.13 of [15].
Proposition 2.3 (Continuity to infinity). Let X be a simply connected manifold without
focal points, the map
Ψ : SX × [−∞,+∞]→ X = X ∪X(∞),
(v, t) 7→ γv(t).
is continuous.
Proof. The continuity is obvious when t ∈ (−∞,+∞), since the geodesic flow is continuous.
First we show that if vn → v ∈ SX and tn → +∞, then γvn(tn)→ γv(+∞).
Let p = π(v), p1 = π(v1), · · · , pn = π(vn), · · · ∈ X. For each n ∈ Z
+, let wn ∈ SpX be
the unique initial vector at p such that γwn(sn) = γvn(tn) for some positive number sn > 0.
By the triangle inequality, we have
|sn − tn| ≤ d(p, pn). (2.2)
Thus, sn → +∞ as tn → +∞.
Let qn = γvn(tn) = γwn(sn). Now we use γv−1n to denote the geodesic from qn to p with
γ
v−1n
(0) = qn, and γqn to denote the geodesic from qn to pn with γqn(0) = qn, respectively.
By Lemma 2.1 and (2.2), we have
d(γqn(t), γv−1n (t)) ≤ d(p, pn) + |sn − tn| ≤ 2d(p, pn), t ∈ [0, sn].
Thus
δ(vn, wn) = d(πvn, πwn) + d(exp vn, expwn)
= d(pn, p) + d(γqn(sn − 1), γv−1n (tn − 1))
≤ 4d(pn, p).
By vn → v and the above inequality, we get wn → v. This implies that for any ǫ > 0 there
is an N = N(ǫ) > 0 such that if n > N , then γvn(tn) ∈ TC(v, ǫ,
sn
2 ). So it follows that,
under the cone topology, γvn(tn) = γwn(sn)→ γv(+∞).
9
Now we consider the continuity of Ψ(·,+∞) : SX → X(∞). Suppose {vn} ⊂ SX is
a convergent sequence with limn→∞ vn = v ∈ SpX for some p ∈ X. For each γvn(+∞) ∈
X(∞), there is a unique vector wn ∈ SpX such that γwn(+∞) = γvn(+∞). Similar as
the argument in the above we can show that wn → v. We know on the compact space
SpX, all the metrics are equivalent, thus the metric δ defined above is equivalent to the
usual angle metric. Therefore limn→+∞ θn = 0, where θn is the angle between v and wn.
Thus, passing to a subsequence if necessary, we can assume that θn <
1
n
. This means that
γvn(+∞) = γwn(+∞) ∈ TC(γv(+∞),
1
n
, n). Since
∞⋂
n=1
TC(γv(+∞),
1
n
, n) = γv(+∞),
we get that γvn(+∞)→ γv(+∞).
The following proposition is a corollary of Proposition 2.3. It will be used in our
discussion in the next section.
Proposition 2.4. Let X be a simply connected manifold without focal points. Then for
each point p ∈ X, the map
γ+∞ : SpX → X(∞), v 7→ γ+∞(v) := γv(+∞)
is a homeomorphism.
Proof. By Lemma 2.1(1) we know that the map γ+∞ is bijective. Proposition 2.3 implies
that γ+∞ is a continuous map from SpX to X(∞). Thus it suffices to show that the inverse
map γ−1+∞ : X(∞)→ SpX is continuous.
For each ξ ∈ X(∞) and an arbitrary sequence {ξn} ⊂ X(∞) with limn→+∞ ξn = ξ,
we want to show that limn→+∞ γ
−1
+∞(ξn) = γ
−1
+∞(ξ). Let vn = γ
−1
+∞(ξn) ∈ SpX, n =
1, 2, · · · , and v = γ−1+∞(ξ) ∈ SpX. Passing to a subsequence if needed, we can assume that
limn→+∞ vn = w for some w ∈ SpX. By Proposition 2.3, we know that
γw(+∞) = lim
n→+∞
γvn(+∞) = lim
n→+∞
ξn = ξ.
Then Lemma 2.1(1) implies that w = v, which means that the inverse map γ−1+∞ is contin-
uous. We are done with the proof.
For each p ∈ X, let Bp = {v ∈ TpX | ‖v‖ ≤ 1} ⊂ TpX, which is the unit ball in TpX.
Using the same method in the proof of Proposition 2.4, we can get the following result.
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Corollary 2.5. Let X be a simply connected manifold without focal points. Then for each
point p ∈ X, the map
F : Bp → X, v 7→ F (v) :=
 expp( v1−‖v‖ ) if ‖ v ‖< 1,γv(+∞) if v ∈ SpX,
is a homeomorphism.
Proposition 2.6. Let X be a simply connected manifold without focal points. Then for
any v ∈ SX, R > 0, and ǫ > 0, there is a constant L = L(v, ǫ,R) such that for all t > L,
B(γv(t), R) ⊂ C(v, ǫ).
Proof. We prove this proposition by contradiction. Suppose that there is a vector v ∈ SX,
and constants ǫ > 0 and R > 0 such that ∀L > 0, we can always find t > L satisfying
B(γv(t), R) \ C(v, ǫ) 6= ∅.
Let p be the footpoint of v, i.e. v ∈ SpX. Take Ln = n, then ∃ tn > Ln = n, and
pn ∈ B(γv(tn), R) such that
∡(v, pn) ≥ ǫ0, |d(p, pn)− tn| < R.
i.e. we have
tn −R < d(p, pn) < tn +R.
Let γn be the geodesic ray from p to pn and vn = γ
′
n(0). Then by Lemma 2.1, it’s easy to
see that
d(γv(t), γn(t)) ≤ 2R, t ∈ [0, tn]. (2.3)
Passing a subsequence of {vn}
∞
n=1 if necessary, we can assume v∞ = limn→∞ vn. Obvi-
ously v∞ ∈ SpX. Since ∡(v, v∞) ≥ ǫ0, we know v 6= v∞. However, by the inequality (2.3)
and Proposition 2.3, we have γv∞(+∞) = γv(+∞). This contradicts to Lemma 2.1 since
both γv∞ and γv start from p.
From the argument in the above, we know that for any v ∈ SX, R > 0, and ǫ > 0,
there is a constant L such that for all t > L, B(γv(t), R) ⊂ C(v, ǫ). We are done with the
proof.
In the following, we prove the duality property on Riemannian manifolds without focal
points. Before stating the result, we should introduce the concepts of recurrent point and
nonwandering point with respect to a discrete subgroup Γ of isometry group Iso(X) of X,
where X is a simply connected manifold.
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Definition 2.7. We say v ∈ SX is a recurrent point of the geodesic flow φt : SX → SX
w.r.t. Γ ⊂ Iso(X), if there exist a sequence tn → +∞ and a sequence {αn}n∈Z+ ∈ Γ such
that
(dαn ◦ φ
tn)(v)→ v.
We say v ∈ SX is a nonwandering point of geodesic flow φt : SX → SX w.r.t. Γ ⊂ Iso(X),
if for any neighborhood U of v in SX, and any number A > 0, there exists a number t ≥ A
and α ∈ Γ such that
(dα ◦ φt)(U) ∩ U 6= ∅.
We use Ω(Γ) to denote the set of all nonwandering points of geodesic flow φt : SX → SX.
This definition of Ω(Γ) was introduced by W. Ballmann in [1]. Let C : X → M be
the universal covering map. Then dC(Ω(Γ)) is the nonwandering set of the geodesic flow
φt : SM → SM in the common sense in dynamical systems ([14, 20, 33]). Moreover, it’s
easy to verify that for any α ∈ Γ, the following diagrams
SX
φt
−→ SX
↓dα ↓dα
SX
φt
−→ SX
,
SX
φt
−→ SX
↓dC ↓dC
SM
φt
−→ SM
(2.4)
commute. Here we use φt to denote both the geodesic flow on SX and the geodesic flow
on SM .
Proposition 2.8 (Duality property). Let X be a simply connected manifold without focal
points and Γ be a discrete subgroup of the isometry group Iso(X). If X/Γ =M is a compact
manifold, then for all v ∈ SX, γv(−∞) and γv(+∞) are Γ-dual, i.e., ∃ {αn}
+∞
n=1 ⊂ Γ such
that for any p ∈ X
α−1n (p)→ γv(+∞), & αn(p)→ γv(−∞). (2.5)
Proof. First we show that Ω(Γ) = SX. We prove this by contradiction. Assume that there
exists a vector v ∈ SX such that v /∈ Ω(Γ). Then we can find a neighborhood U of v in
SX with diag(U) < Inj(M), where Inj(M) is the injective radius of M , and a constant
A > 0 such that for any t ≥ A and α ∈ Γ, (dα ◦ φt)(U) ∩ U = ∅. Thus for any α ∈ Γ
and t2 > t1 ≥ A satisfying t2 − t1 ≥ A, we have φ
t2−t1(U) ∩ dα(U) = ∅. Using the first
commutative diagram in (2.4), we get
φt2(U) ∩ (dα ◦ φt1)(U) = ∅, ∀α ∈ Γ. (2.6)
Together with the second diagram in (2.4), we know that
φt2(dC(U)) ∩ φt1(dC(U)) = ∅, ∀t2 > t1 ≥ A with t2 − t1 ≥ A. (2.7)
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Let V := dC(U) ⊂ SM . Since C is an Inj(M)-isometry (see for example [33] remark 3.37)
and the geodesic flow preserves the Liouville measure λ on SM , we know that for any t ∈ R,
λ(φt(V )) = λ(V ) > 0. (2.8)
(2.7) and (2.8) imply that φnA(V ) (n = 1, 2, 3, ...) are pairwisely disjoint sets with equal
positive Liouville measure in SM . While SM is compact, λ(SM) = 1 < +∞, this is
impossible. From the argument in the above, we can conclude that Ω(Γ) = SX.
Now for all v ∈ SX, we can find sequences {αn}
+∞
n=1 ⊂ Γ, vn → v and tn → +∞ such
that
dαn ◦ φ
tn(vn)→ v.
This implies that αnγvn(tn)→ γv(0), and then
d(α−1n γv(0), γvn (tn))→ 0.
Therefore by the property of continuity to infinity (Proposition 2.3), we have
lim
n→∞
α−1n γv(0) = lim
n→∞
γvn(tn) = γv(+∞).
We have done the proof of the first limit.
For the second one, let γn(t) = αnγvn(tn − t), then
γ′n(0) =
d
dt
|t=0 αnγvn(tn − t)
= dαn(−φ
tn(vn))→ −v.
By Proposition 2.3, we have γn(tn)→ γ−v(+∞) = γv(−∞). Therefore, γn(tn) = αnγvn(tn−
tn) = αnγvn(0), which implies
αnγv(0)→ γv(−∞).
Take p = γv(0), then (2.5) is valid. Proposition 2.6 implies that if (2.5) holds for one
point, then it holds for all points in X. This complete the proof of Proposition 2.8.
The following proposition was first discovered by J. Watkins in [39]. Here we give a new
proof by using a different method. This proposition can be used as a criterion to distinguish
a vector of higher rank on a simply connected manifold without focal points.
Proposition 2.9. Suppose X is a simply connected manifold without focal points and
v ∈ SX. If there is a constant c > 0 such that for all k ∈ Z+, we can always find a
pair of points in the cones:
pk ∈ C(−v,
1
k
), qk ∈ C(v,
1
k
),
with d(γv(0), γpk ,qk) ≥ c, then rank(v) ≥ 2.
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Proof. First of all, we will show that under the assumption of this proposition, both of the
following equalities hold:
lim
k→+∞
d(γv(0), pk) = +∞, (2.9)
lim
k→+∞
d(γv(0), qk) = +∞. (2.10)
As a first step to prove the above result, we show that:
• At least one of the above equalities holds. i.e. we can not find a subsequence
{ik}
∞
k=1 ⊂ Z
+ which makes both (2.9) and (2.10) false.
Suppose the claim is not true, i.e., there exists a positive number A, and subsequences
{pik} and {qik} such that
max{d(γv(0), pik ), d(γv(0), qik )} ≤ A, k = 1, 2, 3, · · · .
By passing a subsequence if necessary, this implies that pik converges to some point γv(−t1),
t1 ∈ [0, A], while qik converges to some point γv(t2), t2 ∈ [0, A]. Let ǫ =
c
8 , then ∃ K1 ∈ Z
+
such that for all k ≥ K1, we have
max{d(γv(−t1), pik), d(γv(t2), qik)} ≤
ǫ
2
=
c
16
.
Moreover, by the continuity of the distance function d(x, y), there is a K2 ∈ Z
+ such that
for all k ≥ K2,
|d(pik , qik)− d(γv(−t1), γv(t2))| ≤ ǫ =
c
8
.
This implies that when k > max{K1,K2}, we have
d(qik , γv(d(pik , qik)− t1)) ≤
c
4
.
We use γik to denote the geodesic from pik to qik satisfying γik(−t1) = pik , then by
Lemma 2.2, we have
d(γv(t), γik(t)) ≤
c
4
+
c
8
=
3c
8
, t ∈ [−t1, d(pik , qik)− t1].
Specifically, let t = 0, we get a contradiction to the assumption d(γv(0), γpk ,qk) ≥ c. This
proves the claim, i.e. at least one of the equalities (2.9) and (2.10) holds.
The second step is to prove that
• There doesn’t exist a subsequence {ik}
∞
k=1 such that
d(γv(0), pik) ≤ A, d(γv(0), qik)→ +∞,
for some A > 0.
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This will lead to the equalities (2.9).
Obviously, d(γv(0), qik )→ +∞ and qik ∈ C(γ
′
v(0),
1
ik
) imply
lim
k→+∞
qik = γv(+∞).
Since limk→+∞ pik = γv(−t1) for some t1 ∈ [0, A], by choosing a subsequence if necessary,
we get a limit vector v∞ := limk→+∞ γ
′
ik
(−t1) ∈ Sγv(−t1)X. By Proposition 2.3, we have
γv(+∞) = lim
k→+∞
qik = lim
k→+∞
γik(tik) = γv∞(+∞).
Then Lemma 2.1 implies that v∞ = γ
′
v(−t1), which leads to γ
′
ik
(−t1) → γ
′
v(−t1). So for
ǫ = c2 , there is a constant K3 ∈ Z
+ such that ∀k ≥ K3,
d(γik(t), γv(t)) ≤ ǫ =
c
2
, t ∈ [−t1, t1].
Take t = 0, we have
d(γik (0), γv(0)) ≤
c
2
< c,
which also contradicts to the assumption d(γv(0), γpk ,qk) ≥ c. We have done with the proof
of equality (2.9).
The equality (2.10) can be proved in a similar way, so we omit the proof. In summary,
both of (2.9) and (2.10) hold, thus
lim
k→+∞
pk = γv(−∞), lim
k→+∞
qk = γv(+∞).
In order to prove Proposition 2.9, we consider the following two cases:
• Case I there exists a positive constant R such that
c ≤ d(γv(0), γk) ≤ R, k ∈ Z
+.
where γk is the geodesic connecting pk and qk.
We choose the parametrization of γk such that d(γv(0), γk(0)) = d(γv(0), γk). Passing
to a subsequence if necessary, we can assume v′ = limk→+∞ γ
′
k(0). Then v
′ 6= γ′v(t) for all
t ∈ R, and by Proposition 2.3, we have
γv′(−∞) = γv(−∞), γv′(+∞) = γv(+∞).
This leads to the existence of a flat strip bounded by γv and γv′ (cf. [32]). Thus rank(v) ≥ 2.
• Case II d(γv(0), γk) is unbounded for k ∈ Z
+.
15
For each k ∈ Z+, choose p′k, q
′
k ∈ γv such that
d(pk, p
′
k) = d(pk, γv), d(qk, q
′
k) = d(qk, γv).
Let bk : [0, 1] → X be a smooth curve connecting q
′
k and qk with bk(0) = q
′
k and bk(1) =
qk, and ∡p(γv(+∞), bk(s)) is an increasing function of s, where p = π(v). Similarly, let
ck : [0, 1] → X be a smooth curve connecting p
′
k and pk with ck(0) = p
′
k and ck(1) = pk,
and ∡p(γv(−∞), ck(s)) is an increasing function of s. Let γk,s be the geodesic connecting
ck(s) and bk(s) for each s ∈ [0, 1], with the parametrization γk,0(0) = γv(0) and γk,s(0) is a
smooth curve of s.
Since d(p, γk(0)) = d(p, γk,1(0)) ≥ c and d(p, p) = d(p, γk,0(0)) = 0, then there exists
sk ∈ (0, 1] such that d(p, γk,sk(0)) = c > 0. Without loss of generality we can assume that
limk→+∞ γ
′
k,sk
(0) = v∞ ∈ SX. Obviously d(p, π(v∞)) = c > 0.
Using the same argument in the beginning of the proof of this proposition, we have
d(bk(sk), p)→ +∞, d(ck(sk), p)→ +∞.
Then by the fact
max{∡p(γv(+∞), bk(sk)), ∡p(γv(−∞), ck(sk))} ≤
1
k
.
we get
lim
k→+∞
bk(sk) = γv(+∞), lim
k→+∞
ck(sk) = γv(−∞).
By Proposition 2.3, we know that
γv∞(+∞) = lim
k→+∞
γk,sk(+∞) = lim
k→+∞
bk(sk) = γv(+∞),
γv∞(−∞) = lim
k→+∞
γk,sk(−∞) = lim
k→+∞
ck(sk) = γv(−∞).
Since X has no focal points, it’s impossible that both of bk(sk) and ck(sk) are on the
geodesic γv. Then for all t ∈ R, v∞ 6= γ
′
v(t). This implies that γv and γv∞ bound a flat
strip, so rank(v) ≥ 2. We complete the proof of this proposition.
The following two propositions are corollaries of Proposition 2.9.
Proposition 2.10. Let X be a simply connected manifold without focal points and rank(v) =
1, where v ∈ SX is a unit vector. Then there is an ǫ > 0 such that, for any ξ ∈ Cǫ(−v) and
η ∈ Cǫ(v), there is a geodesic γξ,η connecting ξ and η, i.e., γξ,η(−∞) = ξ and γξ,η(+∞) = η.
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Proof. Since rank(v) = 1, by Proposition 2.9, there exist k0 ∈ Z
+ and a constant number
c > 0 such that for any points p ∈ C(−v, 1
k0
) and q ∈ C(v, 1
k0
), we have d(γv(0), γp,q) < c.
Pick up points pi ∈ C(−v,
1
k0
) and qi ∈ C(v,
1
k0
) such that pi → ξ, qi → η. We
choose the parametrization of the geodesic γpi,qi such that γpi,qi(0) ∈ B(γv(0), c). By the
compactness, passing to a subsequence if necessary, we can assume w = limi→+∞ γ
′
pi,qi
(0).
Then Proposition 2.3 implies that γw(−∞) = ξ and γw(+∞) = η, thus γw is the geodesic
γξ,η we want.
Proposition 2.11. Let X be a simply connected manifold without focal points and rank(v) =
1, where v ∈ SX is a unit vector. Then for any ǫ > 0, there are neighborhoods Uǫ of
γv(−∞) and Vǫ of γv(+∞) such that for each pair (ξ, η) ∈ Uǫ×Vε, the geodesic γξ,η defined
in Proposition 2.10 is rank 1 and d(γv(0), γξ,η) < ǫ.
Proof. By Proposition 2.10, for sufficiently small neighborhoods Uǫ, Vǫ and all ξ ∈ Uǫ,
η ∈ Vǫ, there is also a geodesic γξ,η connecting ξ and η.
Now we prove d(γv(0), γξ,η) < ǫ. Suppose this is not true, then we can find a positive
number ǫ0 and two sequences {ξn}
+∞
n=1, {ηn}
+∞
n=1 ⊂ X(∞) such that for all n ∈ Z
+,
1. limn→+∞ ξn = γv(−∞), limn→+∞ ηn = γv(+∞),
2. The connecting geodesic γξn,ηn satisfies d(γv(0), γξn,ηn) ≥ ǫ0.
Then by a similar argument of Proposition 2.9, we can show that rank(v) ≥ 2, which
contradict our assumption that rank(v) = 1.
Second, we prove all γξ,η’s are rank 1 geodesics. By contradiction, we assume that,
there are two sequences {ξn}
+∞
n=1 ⊂ X(∞) and {ηn}
+∞
n=1 ⊂ X(∞) such that,
lim
n→+∞
ξn = γv(−∞), lim
n→+∞
ηn = γv(+∞),
and the connecting geodesic γn := γξn,ηn is not rank 1.
We choose the parametrization of γn such that d(γv(0), γn(0)) = d(γv(0), γn).
Since {γn(0)} are in a compact subset, passing to a subsequence if necessary, we consider
the following two cases:
Case I limn→+∞ γn(0) = γv(0). Since
γn(−∞) = ξn → γv(−∞), γn(+∞) = ηn → γv(+∞),
by Lemma 2.1 and Proposition 2.3, we have limn→+∞ γ
′
n(0) = γ
′
v(0) = v. Since higher rank
set sing is closed, rank(v) ≥ 2, a contradiction.
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Case II limn→+∞ γn(0) 6= γv(0). In this case, if we denote by v
′ = limn→+∞ γ
′
n(0), then
v′ 6= v. By Proposition 2.3,
γv′(−∞) = lim
n→+∞
γn(−∞) = γv(−∞), γv′(+∞) = lim
n→+∞
γn(+∞) = γv(+∞).
Thus rank(v) ≥ 2, a contradiction.
An isometry α ∈ Iso(X) is called axial if there exists a geodesic γ and a t0 > 0 such
that for any t ∈ R, α(γ(t)) = γ(t + t0). Correspondingly γ is called an axis of α. Axial
isometry is abundant for compact manifolds without conjugate points. Each element in Γ
is axial if X/Γ is compact (cf. [12] Lemma 2.1). The following property of axial isometry
was proved by Watkins:
Lemma 2.12 (cf. Watkins [39]). Let X be a simply connected manifold without focal points
and let γ be a rank 1 geodesic axis of α ∈ Γ ⊂ Iso(X). For all neighborhood U ⊂ X of
γ(−∞) and V ⊂ X of γ(+∞), there is N ∈ Z+ such that
αn(X − U) ⊂ V, α−n(X − V ) ⊂ U
for all n ≥ N .
Lemma 2.12 and Proposition 2.11 imply the following results.
Corollary 2.13. Let X be a simply connected manifold without focal points, then an end
point of a rank 1 axis can be connected by rank 1 geodesics to all the other points in X(∞).
This implies that, for every ξ ∈ X(∞), there is a rank 1 geodesic γ+ with γ+(+∞) = ξ and
a rank 1 geodesic γ− with γ−(−∞) = ξ.
Proof. Let γ be a rank 1 geodesic axis of α ∈ Γ ⊂ Iso(X). By Proposition 2.11 there exist
neighborhoods U of γ(−∞) and V of γ(+∞) inX(∞), such that for each pair (ξ, η) ∈ U×V ,
there is a rank 1 geodesics connecting γ+ = γγ(+∞),ξ and γ− = γη,γ(−∞).
For each ξ ∈ X(∞) with ξ 6= γ(+∞), Lemma 2.12 implies that there exists N > 0 such
that α−Nξ ∈ U . By Proposition 2.11 there exists a rank 1 connecting geodesic γγ(+∞),α−N ξ.
Notice that γ is a rank 1 geodesic axis of α, and γ+ := α
Nγγ(+∞),α−N ξ is a geodesic
connecting αN (γ(+∞)) = γ(+∞) and ξ. The fact that γγ(+∞),α−N ξ is rank 1 implies that
γ+ is a rank 1 geodesic connecting γ(+∞) and ξ.
Similarly, we can show that for any η ∈ X(∞) and η 6= γ(−∞), there exists rank 1
geodesic connecting them.
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The connecting geodesic in Corollary 2.13 is unique since it is rank 1.
Combining Proposition 2.8 and Lemma 2.12, we can get the following result. We remark
that this result is the no focal points version of Lemma 2.3 and Corollary 2.4 of [24].
Proposition 2.14. Let X be a simply connected manifold without focal points and let
Γ ⊂ Iso(X) be such that M = X/Γ is compact. If γ is a rank 1 geodesic on X, then there
exists a sequence of rank 1 axes γn of deck transformations αn ∈ Γ such that γn → γ.
Furthermore, Γ acts minimally on X(∞), i.e., for any ξ ∈ X(∞), Γξ = X(∞).
Proof. By Proposition 2.8, there is a sequence {αn}
+∞
n=1 ⊂ Γ such that
α−1n (p)→ γ(+∞), and αn(p)→ γ(−∞), ∀ p ∈ X. (2.11)
Lemma 2.12 implies that the closure of sufficiently small neighborhoods Un of γ(−∞) and
Vn of γ(+∞) in X with
∞⋂
n=1
Un = {γ(−∞)},
∞⋂
n=1
Vn = {γ(+∞)}
are invariant under αn and α
−1
n respectively. Since in cone topology, X = X ∪ X(∞) is
homeomorphic to the dim(X)-unit ball Bdim(X) in R
dim(X), we know Un and V n are both
homeomorphic to Bdim(X). Then by the Brouwer fixed point theorem, αn has one fixed
point in pn ∈ Un and α
−1
n has one fixed point in qn ∈ Vn.
We claim that both pn and qn belong to X(∞) for sufficiently large n. We prove this
fact by contradiction. First, if pn ∈ X and qn ∈ X, then αn = id since αn ∈ Γ ⊂ Iso(X),
which contradicts to (2.11). Second, if pn ∈ X and ξ = qn ∈ X(∞), then αn maps the
geodesic ray γpn,ξ to itself and fixes endpoints, thus αn = id, which also contradicts to
(2.11). The case pn ∈ X(∞) and qn ∈ X can be considered in the same way. Thus both pn
and qn belong to X(∞) for large enough n.
Without loss of generality, we assume that both pn and qn belong to X(∞) for all
n ≥ 1. By the definition of Un and Vn, Proposition 2.11 implies that for large enouth n, the
connecting geodesic γn = γpn,qn is the rank 1 axis of the axial isometry αn. Furthermore,
γn(−∞) = pn → γ(−∞), γn(+∞) = qn → γ(+∞),
thus γn → γ.
Now we will prove Γξ = X(∞). We only need to show that for any η ∈ X(∞) with
η 6= ξ, there exists a sequence {βn} ⊂ Γ such that βn(ξ)→ η. It’s easy to see that the rank
function
R : SM → Z+, v 7→ R(v) = rank(v)
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is upper semi-continuous and integer-valued, thus the set of vectors v ∈ SM such that
rank(w) = rank(v) for all w sufficiently close to v is dense in SM . Since this set is exactly
the set of rank 1 vectors (cf. [39]), it follows that the set of rank 1 vectors is dense in SM .
Therefore the set of rank 1 vectors is also dense in SX. The above result implies that the
set of vectors tangent to rank 1 axes are dense in SX. Therefore, for any open neighborhood
U ⊂ X(∞) of η, there is a rank 1 axis γv of some α ∈ Γ, satisfying that γv(+∞) ∈ U and
γv(−∞) 6= ξ. Then by Lemma 2.12 there exists n ∈ Z
+ such that αnξ ∈ U . Since U can
be chosen arbitrarily small, we can find a sequence {nk} ⊂ Z
+ and {αk} ⊂ Γ such that
limk→+∞ α
nk
k ξ = η.
3 Existence and uniqueness of the Busemann density
3.1 Construction of a Busemann density
For each pair of points (p, q) ∈ X × X and each point at infinity ξ ∈ X(∞), the
Busemann function determined by p, q and ξ is
bp(q, ξ) := lim
t→+∞
{d(q, γp,ξ(t))− t},
where γp,ξ is the geodesic ray from p to ξ. The Busemann function bp(q, ξ) is well-defined
since the function t 7→ d(q, γp,ξ(t)) − t is bounded from above by d(p, q), and decreasing in
t (this can be checked by using the triangle inequality).
The level sets of the Busemann function bp(q, ξ) are called the horospheres centered at
ξ. We denote by Hξ(γp,ξ(t)) the horosphere centered at ξ and passing through γp,ξ(t). For
more details of the Busemann functions and horosphpers, please see [13, 35, 36]. At here,
we restate one important property of the horospheres, which will be used later.
Theorem 3.15 (cf. Ruggiero [35]). Horospheres are continuous with their centers, i.e.,
Hξ(γp,ξ(t)) depends continuous on ξ.
Remark: It is straightforwardly that Hξ(γp,ξ(t)) depends continuously on t.
Definition 3.16. Let X be a simply connected Riemannian manifold without conjugate
points and Γ ⊂ Iso(X) be a discrete subgroup. For a given constant r > 0, a family of finite
Borel measures {µp}p∈X on X(∞) is called an r-dimensional Busemann density if
1. For any p, q ∈ X and µp-a.e. ξ ∈ X(∞),
dµq
dµp
(ξ) = e−r·bp(q,ξ)
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where bp(q, ξ) is the Busemann function.
2. {µp}p∈X is Γ-equivariant, i.e., for all Borel sets A ⊂ X(∞) and for any α ∈ Γ, we
have
µαp(αA) = µp(A).
The construction of such a Busemann density is due to Patterson [34] in the case of
Fuchsian groups, and generalized by Sullivan [38] for hyperbolic spaces.
Let X be a simply connected Riemannian manifold without conjugate points and Γ ⊂
Iso(X) be a infinite discrete subgroup. For each pair of points (p, p0) ∈ X ×X and s ∈ R,
Poincare´ series is defined as
P (s, p, p0) :=
∑
α∈Γ
e−s·d(p,αp0). (3.12)
This series may diverge for some s > 0. The number δ := inf{s ∈ R | P (s, p, p0) < +∞}
is called the critical exponent of Γ. By the triangle inequality, it is easy to check that δ is
independent of p and p0. We say Γ is of divergent type if the Poincare´ series diverges when
s = δ. It is well-known that whether Γ is of divergent type or not is independent of the
choices of p and p0. The following lemma shows the relation between the critical exponent
and the topological entropy of the geodesic flow on M = X/Γ.
Lemma 3.17. Let (M,g) be a compact Riemannian manifold without conjugate points
and X be its universal cover, then δ = htop(g), where htop(g) is the topological entropy of
geodesic flow on SM .
Proof. Since X is the universal cover of M , by Freire and Man˜e´’s Theorem (cf. [16]), we
know that
h(g) = htop(g),
where
h(g) := lim
r→+∞
log VolB(p, r)
r
is the volume entropy of the geodesic flow. Here B(p, r) denotes the ball in X centered at
p ∈ X with radius r > 0. In [28], A. Manning showed that this limit is independent of p.
For each pair (p, p0) ∈ X ×X and k ≥ 0, we define
Sk := ♯{Γp0 ∩ (B(p, k + 1)−B(p, k))}.
Then
+∞∑
k=0
Sk · e
−s(k+1) ≤ P (s, p, p0) ≤
+∞∑
k=0
Sk · e
−sk =
+∞∑
k=0
e(
ln Sk
k
−s)k.
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Therefore,
δ = lim
k→+∞
1
k
lnSk.
By the definition of h(g), for any ǫ > 0, there exists K0 ∈ Z
+ such that if r ≥ K0, then
er(h(g)−ǫ) ≤ VolB(p, r) ≤ er(h(g)+ǫ).
Let d and A be the diameter and area of a fundamental domain F respectively. Then there
exists K1 ∈ Z
+ such that for any k ≥ max{K0,K1},
Sk ≤
1
A
(VolB(p, k + 1 + d)−VolB(p, k − d)) ≤
1
A
VolB(p, k + 1 + d) ≤
1
A
e(k+1+d)(h(g)+ǫ).
Then it follows that
δ = lim
k→+∞
1
k
lnSk ≤ h(g) + ǫ. (3.13)
On the other hand, we claim that there exists ki →∞ such that
VolB(p, ki + 1)−VolB(p, ki) ≥ e
(h(g)−ǫ)ki .
Assume not. Then there exists K2 ∈ Z
+, such that for any k > K2,
VolB(p, k + 1)−VolB(p, k) < e(h(g)−ǫ)k,
VolB(p, k + 2)−VolB(p, k + 1) < e(h(g)−ǫ)(k+1),
...
VolB(p, k +N)−VolB(p, k +N − 1) < e(h(g)−ǫ)(k+N−1).
This implies that
VolB(p, k +N) < (e(h(g)−ǫ)k + · · · + e(h(g)−ǫ)(k+N−1)) + VolB(p, k)
< Be(h(g)−ǫ)(k+N−1) + e(h(g)+ǫ)k.
where B = 1 + e−(h(g)−ǫ) + · · ·+ e−(h(g)−ǫ)N + · · · < +∞. It follows that
VolB(p, k +N) < 2Be(h(g)−ǫ)(k+N−1).
Setting N →∞, then lim
k→∞
1
k
log VolB(p, k) ≤ h(g) − ǫ. We get a contradiction.
Now observe that∫
F
∑
γ∈Γ
e−sd(p,γy)dVol(y) =
∫
X
e−sd(p,y)dVol(y) ≥
∞∑
k=0
e−s(k+1)(VolB(p, k + 1)−VolB(p, k)).
If we let s = h(g)−2ǫ and use the claim above, then the right side of the above inequality
is infinity. Thus
δ ≥ h(g) − 2ǫ. (3.14)
So δ = h(g) = htop(g) by (3.13) and (3.14).
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Fix a point p0 ∈ X. For each s > δ = h where h = htop(g) and p ∈ X, consider the
measure:
µp,s :=
∑
α∈Γ e
−s·d(p,αp0)δαp0∑
α∈Γ e
−s·d(p0,αp0)
,
where δαp0 is the Dirac measure at point αp0. The following properties of µp,s can be easily
checked by using the triangle inequality:
1. e−s·d(p,p0) ≤ µp,s(X) ≤ e
s·d(p,p0).
2. Γp0 ⊂ suppµp,s ⊂ Γp0, where Γp0 is the orbit of p0 ∈ X under the action of Γ.
Here in constructing a Busemann density, we consider the case that the group Γ is of
divergent type first. At the end of this subsection, we give a sketch of Patterson’s method
to deal with the convergent type (cf. [34]).
Now for p ∈ X, consider a weak⋆ limit
lim
sk↓h
µp,sk = µp.
Since P (s, p0, p0) is divergent for s = h and Γ is discrete, it’s obvious that supp(µp) ⊂
Γp0 ∩X(∞). In fact, one can easily check that limsk↓h µp,sk(A) = 0 for all bounded open
sets A ⊂ X, therefore supp(µp) ⊂ X(∞). Moreover, we can show that {µp}p∈X is an
h-dimensional Busemann density. We should emphasis that the different choices of {sk}
may lead different weak⋆ limits. But in the case of rank 1 manifolds without focal points,
we will show that the the Busemann density is unique, i.e., independent of {sk}.
In order to show {µp}p∈X constructed above is an Busemann density, we need the
following two results about Busemann function.
Proposition 3.18. For each pair of points p, q ∈ X, the map
βp,q : X(∞)→ R, ξ 7→ βp,q(ξ) := bp(q, ξ)
is continuous.
Proof. We know that if t = bp(q, ξ) for some t ∈ R, then the horosphere passing through q
and centered at ξ will intersect the geodesic γp,ξ perpendicularly at γp,ξ(−t) (cf. [36] Lemma
4.2).
Proposition 2.4 implies that for any p ∈ X, and any {ξn} ⊂ X(∞) with limn→+∞ ξn = ξ,
we have limn→+∞ γ
′
p,ξn
(0) = γ′ξ(0). Therefore, if we fix a point p ∈ X, then the geodesic γp,ξ
depends continuously on ξ, Moreover, Theorem 3.15 tells us that, for the manifold without
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focal points, the horospheres depend continuously on their centers. This implies that the
intersection points of the geodesic γp,ξ and the horosphere Hξ(q) depends continuously on
ξ ∈ X(∞). Then by our explanation in the last paragraph, we know the Busemann function
bp(q, ξ) depends continuously on ξ.
Proposition 3.19. For each pair of points p, q ∈ X, if there is a sequence {xn} ⊂ X with
limn→+∞ xn = ξ, then limn→+∞{d(q, xn)− d(p, xn)} = bp(q, ξ).
Proof. Since limn→+∞ xn = ξ, then by passing to a subsequence if necessary, we can assume
that xn ∈ TC(v,
1
n
, n), where v = γ′p,ξ(0) and TC(v,
1
n
, n) is the truncated cone introduced in
Section 2. Let vn = γ
′
p,xn
(0), then we know that the angle between v and vn is smaller than
1
n
. This implies limn→+∞ vn = v. Let ξn = γvn(+∞), by Proposition 2.4, limn→+∞ ξn = ξ.
Fix a point ξ ∈ X(∞), let a = bp(q, ξ). By Proposition 3.18, limn→+∞ ξn = ξ implies
that for any ǫ > 0, there exists N ∈ Z+, such that for all n > N , we have
| bp(q, ξn)− bp(q, ξ) |<
ǫ
3
.
Since the function t 7→ d(q, γw(t)) − t is nonincreasing, we know that for any ǫ > 0,
there exists a constant T ∈ R, such that
| (d(q, γv(t))− t)− bp(q, ξ) |<
ǫ
3
, ∀ t > T.
Now we fix the number T . Since limn→+∞ vn = v, we know that there exists N1 ≥
max{T,N}, such that
| d(γvn(t), γv(t)) |<
ǫ
3
, ∀ t ∈ [0, T ] and n > N1.
Thus ∀n > N1, we have
| (d(q, γvn(T ))− d(p, γvn(T )))− (d(q, γv(T ))− d(p, γv(T ))) |≤ 2 | d(γvn(T ), γv(T )) |≤
2ǫ
3
.
By the nonincreasing property of the function t 7→ d(q, γw(t))− t, we know that for all
n ≥ N1,
| (d(q, xn)− d(p, xn))− bp(q, ξn) | = | (d(q, γvn (d(p, xn))− d(p, γvn(d(p, xn))) − bp(q, ξn) |
≤ | (d(q, γvn (T )− d(p, γvn(T ))− bp(q, ξn) | .
Thus
| (d(q, xn)− d(p, xn))− bp(q, ξ) | ≤ | (d(q, γvn (T ))− d(p, γvn(T )))− (d(q, γv(T ))− d(p, γv(T ))) |
+ | (d(q, γv(T )− d(p, γv(T ))− bp(q, ξn) |
≤
2ǫ
3
+
ǫ
3
= ǫ.
We are done with the proof.
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Proposition 3.20. {µp}p∈X is an h-dimensional Busemann density where h = htop(g).
Proof. We shall prove that {µp}p∈X satisfies the two properties in the Definition 3.16.
By Proposition 2.8, for any ξ ∈ X(∞), there exists a sequence {αk} ⊂ Γ such that for
any point p0 ∈ X, ξ = limk→+∞ αkp0. For each p, q ∈ X, we compute the ratio of the
coefficient of δαkp0 of measures µq,s and µp,s, by the Proposition 3.19
e−s·d(q,αkp0)
e−s·d(p,αkp0)
= e−s·(d(q,αkp0)−d(p,αkp0)) → e−s·bp(q,ξ), as k → +∞.
Since the discrete subgroup Γ satisfying that X/Γ is compact, we know 2a:=inf{d(x, αx) |
x ∈ X,α ∈ Γ} > 0. For each k ∈ Z+, we denote by B(k) the ball centered at αkp0 with
radius a, then for each s > h,
µq,s
µp,s
(B(k)) =
e−s·d(q,αkp0)
e−s·d(p,αkp0)
.
This implies that
dµq
dµp
(ξ) = lim
k→+∞
µq,sk
µp,sk
(B(k)) = e−h·bp(q,ξ).
In fact, for any s > h, we have
µαp,s =
∑
β∈Γ e
−s·d(αp,βp0)δβp0
P (s, p0, p0)
=
∑
β∈Γ e
−s·d(αp,αβp0)δαβp0
P (s, p0, p0)
=
∑
β∈Γ e
−s·d(p,βp0)δαβp0
P (s, p0, p0)
.
So for any Borel measurable subset B ⊂ X = X ∪ X(∞), we have µαp,s(αB) = µp,s(B).
Therefore, for any Borel measurable subset A ⊂ X(∞), µp(A) = µαp(αA).
We call a Busemann density constructed as above a Patterson-Sullivan measure.
Proposition 3.21. The total mass of the measures {µp}p∈X is uniformly bounded from
above and below.
Proof. Take a compact fundamental domain F containing p0. Let K = diam(F) < +∞.
Since
e−s·d(p,p0) ≤ µp,s(X) ≤ e
s·d(p,p0),
for any point p ∈ F and s ∈ (h, h+ 1], then
e−(h+1)K ≤ µp,s(X) ≤ e
(h+1)K .
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Thus for any point p ∈ F ,
e−(h+1)K ≤ µp(X(∞)) ≤ e
(h+1)K .
Now for any point p ∈ X, there exists α ∈ Γ such that αp ∈ F . So we have
• µp(X(∞)) = µαp(αX(∞)) ≤ e
(h+1)K ;
• e−(h+1)K ≤ µαp(X(∞)) = µp(α
−1X(∞)) = µp(X(∞)).
Therefore
e−(h+1)K ≤ µp(X(∞)) ≤ e
(h+1)K ,
which means that µp(X(∞)) is uniformly bounded from above and below.
The next proposition shows that a Busemann density has full support equal to X(∞).
Proposition 3.22. For any p ∈ X, supp(µp) = X(∞).
Proof. Suppose supp(µp) 6= X(∞), then there exists ξ ∈ X(∞) which is not in supp(µp).
Then we can find an open neighborhood U of ξ in X(∞) such that µp(U) = 0. Note that
Proposition 2.14 shows that
⋃
α∈Γ α(U) = X(∞), so for any η ∈ X(∞), there is an element
α ∈ Γ such that η ∈ αU . By the Γ-invariance µαp(αU) = µp(U) = 0. Since µp is equivalent
to µαp, we have µp(αU) = 0. Therefore supp(µp) = ∅, which contradicts to Proposition
3.21.
When Γ is of convergent type, Patterson showed in [34] that one can weight the Poincare´
series with a positive monotone increasing function to make the refined Poincare´ series
diverge at s = h. More precisely, we consider a positive monotonely increasing function
g : R+ → R+ with limt→+∞
g(x+t)
g(t) = 1, ∀x ∈ R
+, such that the weighted Poincare´ series
P˜ (s, p, p0) :=
∑
α∈Γ g(d(p, αp0))e
−s·d(p,αp0) diverges at s = δ. For the construction of the
function g, see [34] Lemma 3.1. Then, for the weighted Poincare´ series P˜ (s, p, p0), we can
always construct a Busemann density by using the same method as above.
3.2 Projections of geodesic balls to X(∞)
In this subsection, we will show some semi-local properties of a Busemann density
{µp}p∈X . These properties will play key roles in our proof of main theorems in subsequent
sections.
For each ξ ∈ X(∞) and p ∈ X, define the projections
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• prξ : X → X(∞), q 7→ γξ,q(+∞),
• prp : X\{p} → X(∞), q 7→ γp,q(+∞),
where γξ,q is the geodesic satisfying γξ,q(−∞) = ξ and γξ,q(0) = q.
For A ⊂ X and p ∈ X,
prp(A) = {prp(q) | q ∈ A\{p}}.
Proposition 3.23. The projection map
pr : X ×X \ diag→ X(∞),
(x, p) 7→ pr(x, p) := prx(p) = γx,p(+∞),
is continuous.
Proof. First we prove that for each p ∈ X, the map pr(·, p) : X \ p → X(∞) is contin-
uous. Suppose {xn} ⊂ X is a convergent sequence and x = limn→+∞ xn ∈ X . Corol-
lary 2.5 implies that limn→+∞−γ
′
p,xn(0) = −γ
′
p,x(0). Then by Proposition 2.3, we get
limn→+∞(γ−γ′p,xn (0)(+∞) = γ−γ′p,x(0)(+∞), i.e., limn→+∞ pr(xn, p) = pr(x, p).
Similarly, we can prove that for each x ∈ X, the map pr(x, ·) : X \ x → X(∞) is
continuous. We are done with the proof.
The following important semi-local properties were first discovered by Knieper [22] (see
also Knieper [23, 24, 25]) in the setting of rank 1 manifolds with nonpositive curvature.
Based on the results in Section 2 and Subsection 3.1, we can extend them to rank 1 manifolds
without focal points by following Knieper’s argument.
Proposition 3.24. Let X be a simply connected rank 1 manifold without focal points which
has a compact quotient, and {µp}p∈X be an h-dimensional Busemann density on X(∞).
Then there exist positive constants R and l such that for all r > R,
(1) µp(prxB(p, r)) ≥ l, for all p ∈ X and x ∈ X, where B(p, r) is the open ball of radius
r, centered at p;
(2) there is a positive constant a = a(r) such that for any x ∈ X \{p} and ξ = γp,x(−∞),
we have
1
a
· e−h·d(p,x) ≤ µp(prξB(x, r)) ≤ a · e
−h·d(p,x);
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(3) there is a positive constant b = b(r) such that for any x ∈ X,
1
b
· e−h·d(p,x) ≤ µp(prpB(x, r)) ≤ b · e
−h·d(p,x).
Proof. We prove item (1) first. Items (2) and (3) are consequences of (1). We already
know, by Proposition 3.22, that supp(µp) = X(∞) for all p ∈ X. This means that for any
h-dimensional Busemann density µp and any open set U ⊂ X(∞), µp(U) > 0. Specifically,
for any v ∈ SX and ǫ > 0, we have µp(Cǫ(v)) > 0, where the open subset Cǫ(v) ⊂ X(∞)
is defined in Section 2.
Now we consider the projection prξ : X → X(∞), for ξ ∈ X(∞). We have the following
lemma:
Lemma 3.25. Suppose ξ ∈ X(∞). Then for any x ∈ X there is an R = R(x) > 0 such
that for any r > R, prξ(B(x, r)) contains an open subset of X(∞).
Proof. We know each element in Γ is axial since M = X/Γ is compact ([12] Lemma 2.1).
By Corollary 2.13, there is a rank 1 geodesic c with c(−∞) = ξ. Moreover, Proposition
2.11 implies that for any ǫ > 0, there is an open neighborhood Vǫ of c(+∞) such that for
any η ∈ Vǫ, the unique geodesic γ connecting ξ and η (γ(−∞) = ξ, γ(+∞) = η) satisfies
that d(c(0), γ) < ǫ. For any x ∈ X, let R(x) = d(x, c(0)) + ǫ, then whenever r > R(x),
Vǫ ⊂ prξ(B(x, r)).
Next we study the projection prx : X → X(∞), for general x ∈ X = X ∪X(∞). Fix
a compact fundamental domain F ⊂ X and a point x0 ∈ F . Consider the set prx(B(p, r))
where p ∈ F . Combining Lemma 3.25 with Proposition 3.23, we get the following conclu-
sion:
Lemma 3.26. There exist positive constants ǫ and R, such that for any p ∈ F and any
x ∈ X, there is a vector v ∈ Sx0X such that Cǫ(v) ⊂ prxB(p,R).
The proof of this lemma on rank 1 manifolds with nonpositive curvatures can be found
in Knieper [22], p. 762. Based on Lemma 3.25, on can check that the above result also
holds for rank 1 manifolds without focal points, by following the same argument. So we
omit the proof here.
Now we claim that, for any ǫ > 0, there is an l = l(ǫ) > 0 such that for all p ∈ F and
v ∈ Sx0X, we have µp(Cǫ(v)) > l. This can be proved by contradiction. We know that
since supp(µp) = X(∞), then µp(Cǫ(v)) > 0, for all p ∈ X, v ∈ Sx0X and ǫ > 0. Assume
that there is a number ǫ0 > 0, and sequences {vn} ⊂ Sx0X and {pn} ⊂ F with vn → v,
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such that µpn(Cǫ0(vn)) <
1
n
. Since vn → v, there is a constant N > 0 such that if n > N ,
then Cǫ0(vn) ⊃ C ǫ0
2
(v). Thus for any p ∈ F , we have
0 ≤ µp(C ǫ0
2
(v)) ≤ eh·d(p,pn)µpn(C ǫ0
2
(v)) ≤
1
n
eh·diam(F), n ≥ N.
This implies that µp(C ǫ0
2
(v)) = 0, which is a contradiction.
Based on the discussion in the above, we know that there exist R > 0 and l > 0 such
that if r > R, then
µp(prxB(p, r)) ≥ µp(Cǫ(v)) ≥ l,
for all x ∈ X and p ∈ F . In general, for any p ∈ X we can always find an isometry β ∈ Γ
such that βp ∈ F . Then by the Γ-invariance of µp, for all r > R, we have
µp(prxB(p, r)) = µβp(prβxB(βp, r)) > l.
We are done with the proof of (1).
Now we prove statement (2). It is obvious that for all η ∈ prξB(x, r),
bx(p, η) ≤ d(x, p), ∀ p ∈ X.
Therefore −hbx(p, η) ≥ −hd(x, p). So by the definition of an h-dimensional Busemann
density we have
µp(prξB(x, r)) =
∫
prξB(x,r)
dµp(η) =
∫
prξB(x,r)
e−hbx(p,η)dµx(η)
≥
∫
prξB(x,r)
e−hd(x,p)dµx(η) = e
−hd(x,p) · µx(prξB(x, r))
≥ l(r)e−hd(x,p).
Here the last inequality follows from Proposition 3.24(1).
Moreover, one can check that for all p ∈ X and η ∈ prξB(x, r),
|bx(p, η)− d(x, p)| ≤ 2r.
This implies that bx(p, η) + 2r ≥ d(x, p). Then we have
µp(prξB(x, r)) =
∫
prξB(x,r)
dµp(η) =
∫
prξB(x,r)
e−hbx(p,η)dµx(η)
≤
∫
prξB(x,r)
e−h(d(x,p)−2r)dµx(η) ≤ e
(h+1)Ke2rh · e−hd(x,p),
where e(h+1)K is the uniform upper bound of {µp}p∈X in Proposition 3.21. Let a(r) =
max{ 1
l(r) , e
(h+1)Ke2rh}, we get 1
a
· e−h·d(p,x) ≤ µp(prξB(x, r)) ≤ a · e
−h·d(p,x). We are done
with the proof of (2). Statement (3) can be proved in the same way, so we omit its proof
here.
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3.3 Uniqueness of the Busemann density
We restate Theorem B below. It asserts the uniqueness of the Busemann density, which
was originally proved by Knieper in [22] under the assumption of nonpositive curvature.
One can check that, based on our discussion in the above, Knieper’s proof also works in
the situation of no focal points.
Theorem B. Let M = X/Γ be a compact rank 1 manifold without focal points, then up
to a multiplicative constant, the Busemann density is unique, i.e., the Patterson-Sullivan
measure is the unique Busemann density.
We sketch the idea of the proof, following closely [22] P764-P767. First, we fix a point
p0. Fix an arbitrary point p ∈ X \p0, let ξ = prp0p. For any positive number ρ > R (where
R is the constant in Propsition 3.24), we call the set
Bρr (ξ) := prp0(B(p, ρ) ∩ S(p0, d(p, p0)))
a ball of radius r = e−d(p,p0) at infinity point ξ. By the triangle inequality we know
prp0B(p, ρ) ⊆ B
2ρ
r (ξ). Then by Proposition 3.24(3) and Proposition 3.21, for ρ > 2R, there
exists a constant number b(ρ) > 1 such that
1
b(ρ)
e−h·d(p,p0) ≤ µp0(B
ρ
r (ξ)) ≤ b(ρ)e
−h·d(p,p0).
Next, for any subset A ⊆ X(∞) we can define the h-dimensional Hausdorff measure Hh(A)
of A and Hausdorff dimension Hd(A) of A as Definition 4.5 in [22]. Then we can show that
there exists a constant number c > 1 satisfying the following estimate
1
c
µp0(A) ≤ H
h(A) ≤ c · µp0(A), ∀ Borel set A ⊆ X(∞).
In the proof of the above estimations, Knieper used the property that the distance function
of two geodesics on a simply connected nonpositively curved manifold M˜ (usually we call
it a Hadamard manifold) is convex, i.e., if c1 and c2 are two unit speed geodesics on a
Hadamard manifold M˜ , then the function t 7→ d(c1(t), c2(t)) is a convex function. Although
the convexity is no longer valid for manifolds without focal points, we can still get the same
estimations based on Lemma 2.1. Then we can prove that the volume entropy h equals the
Hd(X(∞)), i.e., the Hausdorff dimension of X(∞). Finally, we can show that all Busemann
densities have to coincide up to a constant.
A natural question is to study the existence and unqueness of Busemann density for
rank 1 manifolds without conjugate points. In our proof of Busemann density for rank 1
manifolds without focal points, Proposition 3.24 (1) plays a key role, which in turn follows
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from the geometric properties stated in Lemma 2.12 and Proposition 2.11. However, we
don’t know whether Lemma 2.12 and Proposition 2.11 are still true under the assumption
of no conjugate points.
4 Exponential volume growth rate of geodesic spheres
In this section, we consider the growth rate of the geodesic sphere S(x, r) about x with
radius r, on the universal cover X of a compact rank 1 manifold M without focal points.
Based on the technical results prepared in Proposition 3.24, we prove Theorem C in this
section. We remark that it is a generalization of Theorem 5.1 in [22].
Proof of Theorem C. Since we are interested in only sufficiently large r, we can assume
r > 3R, where R is the constant in Proposition 3.24. Let {q1, q2, · · · , qk} be a maximal
3R−separated set of S(x, r). Then we have that
S(x, r) ⊂
k⋃
i=1
B(qi, 3R), (4.15)
and
B(qi, R) ∩B(qj, R) = ∅, ∀ i 6= j. (4.16)
By Proposition 3.24 (3), there is a constant b = b(r) such that for all ρ ≥ R, we have
1
b
· e−h·r ≤ µx(prxB(qi, ρ)) ≤ b · e
−h·r, i = 1, 2, · · · , k.
Notice that X(∞) = prx(S(x, r)). Combining with (4.15), we have that
µx(X(∞)) ≤
k∑
i=1
µx(prx(S(x, r) ∩B(qi, 3R))) ≤ kb · e
−h·r.
Also by (4.16), we know that
µx(X(∞)) ≥
k∑
i=1
µx(prx(S(x, r) ∩B(qi, R))) ≥
k
b
· e−h·r.
From the two inequalities in the above we know that there is a constant c > 0 such that
the following inequality holds
1
c
· eh·r ≤ k ≤ c · eh·r.
Since M is a compact manifold, we can see that there is a positive constant A, such
that for all r > 3R and R ≤ ρ ≤ 3R, we have
1
A
≤ Vol(B(qi, ρ) ∩ S(x, r)) ≤ A, i = 1, 2, · · · , k.
31
This implies that
1
cA
eh·r ≤
k∑
i=1
Vol(B(qi, R) ∩ S(x, r)) ≤ VolS(x, r) ≤
k∑
i=1
Vol(B(qi, 3R) ∩ S(x, r)) ≤ cAe
h·r.
Therefore, we get
1
cA
≤
VolS(x, r)
eh·r
≤ cA.
Let a = cA > 0 and r0 = 3R, then we are done with the proof.
Similar to [22], we can draw the conclusion that the Poincare´ series diverges at s = h,
based on the estimation growth rate of VolS(x, r) in Thoerem C. This is the following
corollary:
Corollary 4.27. Suppose M = X \ Γ is a compact rank 1 Riemannian manifold without
focal point. Then the Poincare´ series defined in (3.12) is divergent at s = h.
The proof is the same as the proof of Corollary 5.2 in [22], so we omit it here.
5 Existence and uniqueness of the measure of maximal en-
tropy
Let P : SX → X(∞) ×X(∞) be the projection given by P (v) = (γv(−∞), γv(+∞)).
Denote by IP = P (SX) = {P (v) | v ∈ SX} the subset of pairs in X(∞) × X(∞) which
can be connected by a geodesic. Note that the connecting geodesic may not be unique.
Fix a point p ∈ X, we can define a Γ-invariant measure µ on IP by the following formula
(cf. [23] Lemma 2.4):
dµ(ξ, η) = eh·βp(ξ,η)dµp(ξ)dµp(η),
where βp(ξ, η) = −{bp(q, ξ) + bp(q, η)} is the Gromov product, and q is any point on a
geodesic γ connecting ξ and η. It’s easy to see that the function βp(ξ, η) does not depend
on the choice of γ and q. In geometric language, the Gromov product βp(ξ, η) is the length
of the part of the geodesic γξ,η between the horospheres Hξ(p) and Hη(p). Then, µ induces
a φ-invariant measure µ on SX with
µ(A) =
∫
IP
Vol{π(P−1(ξ, η) ∩A)}dµ(ξ, η), (5.17)
for all Borel sets A ⊂ SX. Here π : SX → X is the standard projection map and Vol is
the induced volume form on π(P−1(ξ, η)). By the definition of P , we know that if there is
no geodesic connecting ξ and η, then P−1(ξ, η) = ∅. If there are more than one geodesics
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connecting ξ and η, and one of them has rank k ≥ 1, then by the flat strip theorem, all of
these connecting geodesics have rank k. Thus, P−1(ξ, η) is exactly the k-flat submanifold
connecting ξ and η, which is consisting of all the rank k geodesics connecting ξ and η.
Especially, when k=1, P−1(ξ, η) is exactly the rank 1 (thus unique) geodesic connecting ξ
and η. From the above we can see the induced volume form Vol satisfies that for any Borel
set A ⊂ SX and t ∈ R, Vol{π(P−1(ξ, η) ∩ φtA)} = Vol{π(P−1(ξ, η) ∩ A)}. Therefore the
Γ-invariance of µ leads to the Γ-invariance of µ.
By Theorem 3.15 we know the horospheres depend continuously on their centers at
X(∞). While the value of the Gromov product is the length of the segment of the connecting
geodesic between the horospheres, βp(·, ·) : X(∞) ×X(∞) → R is a continuous function.
Since X(∞)×X(∞) is compact (Proposition 2.4), βp(·, ·) is bounded function. By the fact
that µp is uniformly bounded and M is compact, µ can be projected to a finite φ-invariant
measure on SM . To simplify the notation, we also use µ to denote this projected measure.
If µ(SM) 6= 1, we can normalize it. So in this paper we always assume µ is a probability
measure.
Now, we show that the measure µ on SM is the unique maximal entropy measure. Thus
µ is independent on p. This measure is called the Knieper measure since it is first obtained
by G. Knieper on rank 1 manifolds (cf. [23]). We decompose our proof into 3 parts: First,
we show that hµ(φ) = htop(g), so µ is a measure of maximal entropy; Second, we show µ is
an ergodic measure; In the last step, we show that the entropy of any invariant probability
measure orthogonal to µ is strictly less than hµ(φ), this leads to the uniqueness of the
invariant probability measure of maximal entropy. We should remark that this argument
follows the idea of Knieper in [23].
5.1 Entropy of the Knieper measure
In this subsection, we will calculate the entropy of the Knieper measure µ and prove
that
hµ(φ) = h (5.18)
where h = htop(g) is the topological entropy of the geodesic flow. We recall that the measure
theoretical entropy hµ(φ) of the geodesic flow is defined to be the entropy of µ with respect
to the time-1 map φ1, i.e. hµ(φ) := hµ(φ
1). Since by the variational principle, we know
that
htop(g) = sup
µ∈M(φ1)
hµ(φ
1),
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where M(φ1) denotes the set of all φ1-invariant measures. Then, (5.18) implies that µ is
an invariant measure of maximal entropy.
For each k ∈ Z+, we define a metric dk on SM or SX defined by the following formula:
dk(v,w) = max{d(γv(t), γw(t)) | t ∈ [0, k]}.
Specifically d1(v,w) = max{d(γv(t), γv(t)) | t ∈ [0, 1]}, we call it Knieper metric. One can
check that the Knieper metric d1 is equivalent to the standard Sasaki metric on SM .
Consider a finite measurable partition A = {A1, ..., An} of SM , satisfying that the
radius of every Ak under Knieper metric d1 is less than ǫ < min{Inj(M), R}, where R > 0
is the constant in Proposition 3.24. Let A
(n)
φ := ∨
n−1
i=0 φ
−iA, n = 1, 2, · · · . Obviously A
(n)
φ is
also a finite measurable partition of SM . For each v ∈ SM and α ∈ A
(n)
φ , we know that if
v ∈ αthen
α ⊂
n−1⋂
k=0
φ−kBd1(φ
kv, ǫ),
where Bd1(φ
kv, ǫ) denotes the ǫ-neighborhood of φkv ∈ SM under the Knieper metric d1.
Similar to Lemma 2.5 in [23], using Proposition 3.24(2) we can show that, on a compact
rank 1 manifold without focal points, there is a > 0 such that for any α ∈ Anφ, we have
µ(α) ≤ e−hna. Therefore
Hµ(A
(n)
φ ) = −
∑
α∈A
(n)
φ
µ(α) log µ(α) ≥ n · h− log a,
where h = htop(g) is the topological entropy of the geodesic flow. This implies that
hµ(φ
1) ≥ hµ(φ
1,A) = lim
n→∞
1
n
Hµ(A
(n)
φ ) ≥ h,
and then hµ(φ
1) = h. Thus we know that µ is an invariant measure of maximal entropy.
5.2 Ergodicity of the Knieper measure
In this subsection, we will prove that the Knieper measure µ is an ergodic measure of
the geodesic flow. Our proof follows the idea of the proof in Section 4 of Knieper [23]. To
simplify the notation, we also use µ to denote the Γ-invariant measure on SX defined in
(5.17), which is exactly the lifting of the maximal entropy measure µ we are considering.
For each v ∈ SX, let ξ = γv(+∞). Let
W s(v) := {w ∈ SX | ω = −∇bπv(q, ξ) and bπv(q, ξ) = 0}
denote the strong stable manifold through v.
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Lemma 5.28. Assume that v ∈ SX is a recurrent rank 1 vector, then
d1(φ
t(v), φt(w))→ 0, t→ +∞,
for any w ∈W s(v), where d1 is the Knieper metric defined in Subsection 5.1.
Proof. First of all, since v is an recurrent vector on SX, then we can find a sequence
{αn}
∞
n=1 ⊂ Γ and a sequence of time {tn}
∞
n=1 with tn → +∞, such that
dαn(φ
tnv)→ v, n→ +∞. (5.19)
Now take an arbitrary vector w ∈W s(v). In [36], R. Ruggiero showed that for manifold
without focal points, γv is positively asymptotic to γw. Then by Lemma 2.1, the function
t −→ d1(φ
t(w), φt(v))
is monotonely non-increasing. Now we show that d1(φ
t(w), φt(v)) → 0 as t → +∞, by
contradiction. Assume that there is a constant c > 0 such that
d1(φ
t(w), φt(v)) ≥ c, ∀ t ≥ 0.
Then for each tn in (5.19), we write t = tn + s > 0 where s ∈ [−tn,+∞), then we have
d1(φ
tn+s(w), φtn+s(v)) > c, ∀ s ∈ [−tn,+∞).
Then,
c ≤ d1(φ
tn+s(w), φtn+s(v)) = d1(dαn ◦ φ
tn+sw, dαn ◦ φ
tn+sv)
= d1(φ
s ◦ dαn ◦ φ
tnw,φs ◦ dαn ◦ φ
tnv).
Note that d1(φ
tn(w), φtn (v)) ≤ d1(v,w), and dαn(φ
tnv) → v. So we know that for any
ǫ > 0 there is a number N > 0 such that for all integer n > N ,
d1(v, dαn(φ
tnw)) ≤ d1(v,w) + ǫ.
This implies that the set {dαn(φ
tnw)} has an accumulate point. Without loss of generality,
we assume dαn(φ
tnw)→ w′. Let n→ +∞, we get that
c ≤ d1(φ
s(w′), φs(v)) ≤ d1(v,w), ∀ s ∈ R.
This means that the geodesics γv and γw′ bound a flat strip, which contradicts the assump-
tion that rank(v) = 1. We are done with the proof.
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Let a be an arbitrary rank 1 axis, and U, V ⊂ X(∞) be a pair of neighborhoods of
a(+∞) and a(−∞) satisfying Proposition 2.11. Therefore for each pair (ξ, η) ∈ U × V ,
there is a unique rank 1 geodesic connecting ξ and η.
Let
G(U, V ) = {c | c is a geodesic with c(−∞) ∈ U and c(+∞) ∈ V },
and
Grec(U, V ) = {c | c ∈ G(U, V ), and c
′ is recurrent}.
Moreover, let G′(U, V ) = {c′(t) | c ∈ G(U, V ), t ∈ R} and G′rec(U, V ) = {c
′(t) | c ∈
Grec(U, V ), t ∈ R}. Then, by Poincare´ recurrence theorem, µ(G
′(U, V ) \ G′rec(U, V )) = 0.
Let f : SX −→ R is an arbitrary continuous Γ-invariant function. By Birkhoff ergodic
theorem, for µ-almost all vectors v ∈ SX, f+(v) and f−(v) in the following are well-defined
and equal:
f+(v) := lim
T→+∞
1
T
∫ T
0
f(γ′v(t))dt, and f
−(v) := lim
T→+∞
1
T
∫ T
0
f(γ′v(−t))dt.
Where γv is the unique geodesic with γ
′
v(0) = v. It is easy to see that f
± are constants
along each geodesics. So we can define f±(c) := f±(c′(0)) for every geodesic c. Let
G˜rec(U, V ) = {c | c ∈ Grec(U, V ), f
+(c) = f−(c)},
and G˜′rec(U, V ) = {c
′(t) | c ∈ G˜rec(U, V ), t ∈ R}. Therefore we have
µ(G′(U, V ) \ G˜′rec(U, V )) = 0.
Lemma 5.29. There is a geodesic c1 ∈ G˜rec(U, V ) with c1(−∞) = ξ1 ⊂ U , such that
Gξ1 := {η ∈ V | ∃ c ∈ G˜rec(U, V ) with c(+∞) = η, c(−∞) = ξ1} ⊂ V
has full measure w.r.t. µp, i.e., µp(Gξ1) = µp(V ).
Proof. Let E = Grec(U, V )\G˜rec(U, V ), and E
′ = {c′(t) | c ∈ E , t ∈ R}. Obviously µ(E ′) = 0.
Moreover, for any ξ ∈ U , let
Gcoξ = {η ∈ V | ∃ c ∈ E , with c(−∞) = ξ, c(+∞) = η} ⊂ V.
Then we have
0 = µ(E ′) =
∫
IP
Vol(π(P−1(ξ, η) ∩ E ′))ehβp(ξ,η)dµp(ξ)dµp(η)
=
∫
P (E ′)
Vol(π ◦ P−1(ξ, η) ∩ E ′)ehβp(ξ,η)dµp(ξ)dµp(η)
≥
∫
ξ∈U, η∈Gco
ξ
dµp(ξ)dµp(η) =
∫
ξ∈U
(∫
Gco
ξ
dµp(η)
)
dµp(ξ).
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Therefore,
∫
ξ∈U(
∫
Gco
ξ
dµp(η))dµp(ξ) = 0, which implies that for µp-a.e. ξ ∈ U , µp(G
co
ξ ) = 0.
This means that µp(Gξ) = µp(V ) for µp-a.e. ξ ∈ U .
Take a ξ1 ∈ U such that there is a geodesic c1 ∈ G˜rec(U, V ) with c(−∞) = ξ1, and
µp(Gξ) = µp(V ). From the above argument we know that the point ξ1 and the geodesic c1
always exist. We are done with the proof.
The next lemma is a consequence of Lemma 5.28 and 5.29.
Lemma 5.30. f+(c) = f+(c1) for almost all c ∈ G˜rec(U, V ).
Proof. We follow the idea of the proof of Lemma 4.2 in [23]. Since we know that µp(Gξ1) =
µp(V ), then almost every c ∈ G˜rec(U, V ) satisfies that c(+∞) ∈ Gξ1 . By the definition
of Gξ1 , we know that there is a geodesic c2 ∈ G˜rec(U, V ) with c2(−∞) = c1(−∞) =
ξ1 and c2(+∞) = c(+∞). Then by Lemma 5.28, after a re-parametrization, we have
d1(c2(t), c(t)) → 0 as t → +∞. This implies that f
+(c) = f+(c2) (= f
−(c2)). Similarly
we have f−(c2) = f
−(c1) (= f
+(c1)). Therefore we get f
+(c) = f+(c1) for almost all
c ∈ G˜rec(U, V ).
Now, we are ready to prove the ergodicity of µ.
Theorem 5.31. The geodesic flow φt is ergodic with respect to the measure µ.
Proof. It is sufficient to prove that for any continuous Γ-invariant function f : SX −→ R,
the function f+ is constant almost everywhere. Let
V˜ = {η ∈ V | ∃ c ∈ Grec(U, V ) with η = c(+∞)}.
By Lemma 5.28 and Lemma 5.30 we know f+(c) = f+(c1) for almost all geodesics c with
c(+∞) ∈ V˜ . Let E1 = G(U, V ) − Grec(U, V ) and E
′
1 = {c
′(t) | c ∈ E , t ∈ R}. Moreover,
for each ξ ∈ U , we define V˜ coξ := {η ∈ V | ∃ c ∈ E1 with c(−∞) = ξ, c(+∞) = η}. Then
similar to our calculation in the proof of Lemma 5.29, we have
0 = µ(E ′1) ≥
∫
ξ∈U
(∫
V˜ co
ξ
dµp(η)
)
dµp(ξ).
Thus for µp-a.e. ξ ∈ U , µp(V˜
co
ξ ) = 0. Let V˜ξ = {η ∈ V | ∃ c ∈ Grec(U, V ) with c(−∞) =
ξ, c(+∞) = η}. Then for µp-a.e. ξ ∈ U , we have µp(V˜ξ) = µp(V ). Since V˜ξ ⊂ V˜ ⊂ V , We
know µp(V˜ ) = µp(V ).
Let Y =
⋃
α∈Γ α(V˜ ). Recall that U, V are neighborhoods of a(−∞) and a(+∞)
respectively, where a is a rank 1 axis. Then by Lemma 2.12, one can see that µp(Y ) =
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µp(X(∞)). This implies that Z := {c
′(t) | c(+∞) ∈ Y, t ∈ R} is a µ-full measure set
in SX. Since f is a Γ-invariant function, f+ is also Γ-invariant. Therefore, f+ = f+(c1)
µ-a.e. on Z. This implies that f+ is constant µ-almost everywhere on SX. So the geodesic
flow φt is ergodic with respect to the measure µ.
5.3 Uniqueness of the maximal entropy measure of geodesic flow
In this subsection, we will prove the measure µ is the unique maximal entropy measure,
i.e. for any φ-invariant probability measure ν 6= µ, we have hν(φ) < hµ(φ) = htop(g).
For any φ-invariant probability measure ν 6= µ, there is a unique decomposition
ν = bνsing + (1− b)νabs, b ∈ [0, 1],
where νabs is an φ-invariant measure which is absolutely continuous with respect to µ, and
νsing is an φ-invariant measure which is singular with respect to µ.
We claim that νabs = µ.
Let dνabs(v) = f(v)dµ(v) with f ∈ L
1(SM,µ) and f ≥ 0. For any measurable set
A ⊂ SM and t ∈ R we have∫
A
fdµ =
∫
A
dνabs =
∫
φt(A)
dνabs =
∫
φt(A)
fdµ =
∫
A
f ◦ φtdµ.
This leads to the fact that for any t ∈ R, f ◦φt(v) ≡ f(v), µ-a.e. v ∈ SM . Since µ is ergodic,
we know f(v) = 1 for µ-a.e. v ∈ SM . Therefore νabs = µ. Moreover, by the formula
hν(φ) = bhνsing(φ) + (1− b)hµ(φ) = bhνsing(φ) + (1− b)htop(g),
we know that, to prove the uniqueness of the maximal entropy measure, we just need to
prove hν(φ) < htop(g) for all φ-invariant measure ν which is singular with respect to µ. In
the following, we will prove this inequality. We remark that our proof follows the idea of
Knieper [23].
Take a compact fundamental domain F ⊂ X and a fixed reference point p ∈ F . Let
R′ > 2R+ 12 be a constant such that F ⊂ B(p,R
′), where R > 0 is the constant defined in
Proposition 3.24. Consider the unit tangent bundle SB(p,R′) of B(p,R′). Let
D(x,R′, R) = {v ∈ SB(p,R′) | ∃ r > 0 s.t. γv(r) ∈ B(x,R)}.
Proposition 3.24 implies that for any x ∈ X with d(p, x) > R′+R there is a constant c′ > 0
which is independent of x such that µ(D(x,R′, R)) ≥ c′e−hd(p,x) (cf. [23], Lemma 5.1).
Then we have the following lemma:
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Lemma 5.32. Suppose x ∈ X satisfies d(p, x) ≥ R′ + R + n, with n ∈ Z+. Then there
is a constant a = a(δ,R′, R) > 0 such that the cardinality of any (dn, δ)-separated set of
D(x,R′, R) is bounded by a.
Proof. Take a maximal δ8 -separated set S1 = {q1, q2, · · · , qk} of B(p,R
′), and a maximal
δ
8 -separated set S2 = {p1, p2, · · · , pm} of B(x,R). By the compactness of M = X/Γ, k and
m are bounded by a pair of constants K = K(δ,R′) and M = M(δ,R) for all p, x ∈ X.
Let cij be the unique geodesic with cij(0) = qi and cij(d(qi, pj)) = pj.
We claim that {c′ij(0)}i=1,··· ,k, j=1,··· ,m is a (dn,
δ
2 )-spanning set of D(x,R
′, R).
Let c : [0, T ] → X be an arbitrary geodesic with c(0) ∈ B(p,R′), and c(a) ∈ B(x,R).
Then by the definition of S1 and S2, we can find qi ∈ S1 and pj ∈ S2, such that c(0) ∈
B(qi,
δ
8 ) and c(T ) ∈ B(pj ,
δ
8). This implies that T −
δ
4 ≤ d(qi, pj) ≤ T +
δ
4 , and then
d(c(T ), cij(T )) ≤
3δ
8 . Since M = X/Γ is a compact rank 1 manifold without focal points,
by Lemma 2.2, we know that
d(c(t), cij(t)) ≤ d(c(0), cij(0)) + d(c(T ), cij(T )) ≤
δ
8
+
3δ
8
=
δ
2
, t ∈ [0, T ]. (5.20)
Since d(x, p) ≥ n+R+R′, then T ≥ n. So (5.20) implies that
D(x,R′, R) ⊂
⋃
i=1,··· ,k, j=1,··· ,m
Bdn(c
′
ij(0),
δ
2
).
This means {c′ij(0)}i=1,··· ,k, j=1,··· ,m is a (dn,
δ
2)-spanning set of D(x,R
′, R). Its cardinality
is km ≤ K(δ,R′) ·M(δ,R). Then the cardinality of a (dn, δ)-separated set D(x,R
′, R) is
also bounded by a := K(δ,R′) ·M(δ,R), which depends only on δ, R, and R′.
Let r(n) = 2n+R+R′. We use S(p, r(n)) to denote the geodesic sphere centered at p
with radius r(n). Suppose {y1, y2, · · · , yk(n)} is a maximal 2R-separated set of the geodesic
sphere S(p, r(n)). Thus the balls {B(yi, R) | i = 1, 2, ..., k(n)} are pairwise disjoint and
S(p, r(n)) ⊂
k(n)⋃
i=1
B(yi, 2R).
These results imply that {D(yi, R
′, R)}
k(n)
i=1 are also pairwise disjoint, and
SB(p,R′) ⊂
k(n)⋃
i=1
D(yi, R
′, 2R).
Therefore, we can find a partition {F 2n1 , F
2n
2 , · · · , F
2n
k(n)} of SB(p,R
′), satisfying
D(yi, R
′, R) ⊂ F 2ni ⊂ D(yi, R
′, 2R), i = 1, 2, · · · , k(n).
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Consider the standard projection pr : SX → SM . Let L2ni = pr(F
2n
i ), i = 1, · · · , k(n).
Since the fundamental domain F ⊂ B(p,R′), we know L2n = {L2n1 , L
2n
2 , · · · , L
2n
k(n)} is a
cover of SM .
Next, similar as the Lemma 5.3 in [23], we show that: (1) pr|SB(p,R′) is an at most
α-to-1 map, where α is a constant depending only on R′; (2) there is a constant β > 0,
which is independent of n, such that µ(L2ni ) ≥ βe
−2hn, for all i = 1, · · · , k(n).
In fact, let α := ♯{γ ∈ Γ | γ(F) ∩ B(p,R′) 6= ∅}, then pr is an at most α-to-1 map.
Thus for any measurable set A ⊂ SB(p,R′), we have α · µ(pr(A)) ≥ µ(A). Choose A =
D(yi, R
′, R), then
µ(L2ni ) = µ(pr(F
2n
i )) ≥
1
α
µ(F 2ni )
≥
1
α
µ(D(yi, R
′, R)) ≥
1
α
c′e−h·d(p,yi)
≥
1
α
c′e−h·(2n+R+R
′) := β · e−2hn,
where c′ appeared in the paragraph above the Lemma 5.32.
Let ǫ = 16Inj(M). Suppose V = {v1, v2, · · · , vm} is a maximal (d2n, ǫ)-separated set of
SM . We can choose a partition Bn of SM such that, for each B ∈ Bn, there is an element
vi ∈ V satisfying that
Bd2n(vi,
ǫ
2
) ⊂ B ⊂ Bd2n(vi, ǫ).
For each L2ni , i = 1, · · · , k(n), it is obvious that
♯{B ∈ Bn | B ∩ L2ni 6= ∅} ≤ ♯{vj ∈ V | Bd2n(vj , ǫ) ∩ L
2n
i 6= ∅}.
Since the set {vj ∈ V | Bd2n(vj , ǫ) ∩ L
2n
i 6= ∅} can be lifted to a (d2n, ǫ)-separated set of
F 2ni ⊂ D(yi, R
′, 2R) ⊂ SX, by Lemma 5.32 we know that ♯{vj ∈ V | Bd2n(vj , ǫ) ∩ L
2n
i 6=
∅} ≤ a(2ǫ,R′, 2R). Therefore we get
♯{B ∈ Bn | B ∩ L2ni 6= ∅} ≤ a(2ǫ,R
′, 2R), ∀ i = 1, · · · , k(n).
For each n ∈ Z+, Let An = {φnL2ni | i = 1, · · · , k(n)}. Based on the definition of L
2n,
it is easy to check that for each A ∈ An and u, v ∈ A, there is a continuous curve l : [0, 1]→
SM connecting u and v such that for all t ∈ [−n, n], we have length(π ◦ φt(l)) ≤ R′.
Following the discussion in Theorem 5.31, we know that the regular set in SM has
positive µ-measure. Then by the ergodicity of geodesic flow with respect to µ, we get
µ(sing) = 0. The following technical lemma is Lemma 5.5 of [23]. See also Lemma 9.6 of
[24]. It holds because we still have the flat strip lemma in no focal point case.
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Lemma 5.33. Let ν be a Borel probability measure on SM . For a fixed constant b > 0, let
An be a sequence of measurable coverings of SM such that for each n and v,w ∈ A ∈ An
there exists a continuous curve α : [0, 1]→ SM with α(0) = v, α(1) = w, and Lg(πφt(α)) ≤
b for all t ∈ [−n, n]. Let Ω 6= SM be a set containing all singular vectors. Then there exists
a union Cn of subsets of A
n such that ν(Ω△ Cn) := ν(Cn \ Ω) + ν(Ω \ Cn)→ 0.
Furthermore, we can show that for any φ-invariant measure ν which is singular with
respect to µ. there is subset Cn ⊂ SM which is the union of some subsets of A
n such that
µ(Cn)→ 0, ν(Cn)→ 1, n→∞.
Now we consider the entropy of ν mentioned above, i.e., ν is a φ-invariant measure
which is singular with respect to µ. Since the geodesic flows on the manifolds without focal
points are entropy-expansive (cf. [26], and we will discuss the entropy-expansiveness in the
next section), and diamd2n(B
n) ≤ 2ǫ = 13 Inj(M), by Theorem 3.5 of [7] and Corollary 3.4
of [23], we know that
2n · hν(φ
1) = hν(φ
2n,Bn) ≤ Hν(B
n) = −
∑
B∈Bn
ν(B) log ν(B).
We divide Bn into two subsets:
Bn+ := {B ∈ B
n | φnB ∩Cn 6= ∅}, and B
n
− := B
n \ Bn+.
Let an =
∑
B∈Bn+
ν(B). Obviously 1 > an ≥ ν(Cn)→ 1 as n→∞. Then we have:
2n · hν(φ
1) ≤ −
∑
B∈Bn+
ν(B) log ν(B)−
∑
B∈Bn−
ν(B) log ν(B)
≤
( ∑
B∈Bn+
ν(B)
)
log ♯(Bn+) +
( ∑
B∈Bn−
ν(B)
)
log ♯(Bn−) +
2
e
≤ an log ♯(B
n
+) + (1− an) log ♯(B
n) +
2
e
,
where the second inequality comes from Lemma 5.7 in [23]. By the same calculation as the
one in [23], we have the following estimations:
♯(Bn+) =
∑
{L2ni ∈L
2n | φnL2ni ⊂Cn}
♯{B ∈ Bn | φnB ∩ φnL2ni 6= ∅}
≤ a(ǫ,R′, 2R) · ♯{L2ni | φ
nL2ni ⊂ Cn},
and
♯{L2ni | φ
nL2ni ⊂ Cn} = ♯{L
2n
i | L
2n
i ⊂ φ
−nCn}
≤ α
µ(Cn)
minµ(L2ni )
≤
α
β
µ(Cn)e
2hn.
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Thus
♯(Bn+) ≤ K · µ(Cn)e
2hn.
where K = α
β
a(ǫ,R′, 2R) is independent of n.
On the other hand,
♯{Bn} = ♯{B ∈ Bn | φnB ∩ SM 6= ∅}
=
♯L2n∑
i=1
♯{B ∈ Bn | φnB ∩ φnL2ni 6= ∅}
= a(ǫ,R′, 2R) · ♯L2n ≤ a(ǫ,R′, 2R) · α ·
µ(SM)
minµ(L2ni )
≤ a(ǫ,R′, 2R) ·
α
β
e2hn = K · e2hn.
Then we have
2n · hν(φ
1) ≤ an log ♯(B
n
+) + (1− an) log ♯(B
n) +
2
e
≤ an log(K · µ(Cn)e
2hn) + (1− an) log(K · e
2hn) +
2
e
,
thus
2n(hν(φ
1)− h)−
2
e
≤ an log(K · µ(Cn)) + (1− an) logK.
Since 1 ≥ an ≥ ν(Cn) → 1 and µ(Cn) → 0, we know the righthand side of the above
inequality approaches to −∞ as n→∞. Therefore we must have
hν(φ
1) < h = htop(g).
We are done with the proof of the uniqueness of the maximal entropy measure for the
geodesic flow on the manifold without focal points.
6 Entropy gap and growth rate of singular and regular closed
geodesics
In this section, we are going to discuss the distribution of the primitive closed geodesics
on compact rank 1 manifolds without focal points. First, we will prove the entropy gap
htop(φ|sing) < htop(g), which is the second part of Theorem A. Based on this result, We can
show that the the ratio
Psing(t)
Preg(t)
decays exponentially as t → +∞. This means that the set
of the regular primitive closed geodesics grows exponentially faster than the set of singular
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primitive closed geodesic. To show this, we need to consider the upper semi-continuity of
hµ(φ) :Minv(φ)→ R for the geodesic flow.
We use φ1 to denote by the time-1 map of the geodesic flow. For each v ∈ SM and
ǫ > 0, define
Γǫ(v) := {w ∈ SM | d1(φn(v), φn(w)) ≤ ǫ,∀ n ∈ Z}
= {w ∈ SM | d(γv(t), γw(t)) ≤ ǫ,∀ t ∈ R},
where d1 is the Knieper metric defined in Subsection 5.1.
Definition 6.34 (Entropy-expansiveness). The geodesic flow φt : SM → SM is called
entropy-expansive if h∗φ1(ǫ) := supv∈SM h(φ1,Γǫ(v)) = 0.
In [7], Bowen showed that if T : X → X is entropy-expansive, then the map µ 7→ hµ(T )
is upper semi-continuous. It was showed in [26] that if the compact manifold (M,g) is
bounded asymptote and have no conjugate points, then the geodesic flow on SM in entropy-
expansive. Since a manifold without focal points is always bounded asymptotic (cf. [37]),
the geodesic flow on it is entropy-expansive. Combining the two results in the above, we
have the conclusion that the map µ 7→ hµ(φ) is upper semi-continuous. This is the following
proposition.
Proposition 6.35. The map µ 7→ hµ(φ) is upper semi-continuous, for the geodesic flow
φt : SM → SM on a smooth connected compact Riemmannian manifold (M,g) without
focal points.
Based on the discussion in the above, we can prove the second part of Theorem A.
Theorem 6.36 (Entropy gap). Let (M,g) be a compact rank 1 Riemannian manifold
without focal points. Then
htop(φ|sing) < htop(g),
where htop(g) denotes the topological entropy of geodesic flow on SM , and htop(φ|sing) is
the topological entropy of geodesic flow restricted to the singular set sing.
Proof. We prove this theorem by contradiction. Assume that htop(φ|sing) = htop(g). Then,
since the singular set sing is a closed φ-invariant subset of SM , we can find a sequence of
invariant probability measures ωk supported on sing with
hωk(φ) ≥ htop(φ|sing)−
1
k
.
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By the compactness ofMinv, the set {ωk}k∈Z+ has an accumulate point ω (under the weak
∗
topology). Obviously
supp(ω) ⊂ sing.
Thus ω 6= µ, where µ is the Knieper measure, since the Knieper measure is supported on
the regular set. By the upper semi-continuity of the map µ 7→ hµ(φ),
hω(φ) = htop(φ|sing) = htop(g).
This contradicts to the uniqueness of the invariant measure of maximal entropy. We have
proved that htop(φ|sing) < htop(g).
Finally, we are ready to proof Theorem D which is restated below.
Theorem D. Let (M,g) be a compact rank 1 Riemannian manifold without focal points.
Then there exist a > 0 and t1 > 0 such that for all t > t1,
eht
at
≤ Preg(t) ≤ ae
ht.
Moreover, there exist positive constants ǫ and t2 such that
Psing(t)
Preg(t)
≤ e−ǫt, t > t2.
Proof. It was shown in [22] that, for the geodesic flow defined on a compact rank 1 manifold
with nonpositive curvature, there is a t1 > 0 such that for all t > t1,
eht
at
≤ Preg(t) ≤ ae
ht, (6.21)
for some a > 0. One can check that this proof is also valid for manifolds without focal points.
In fact, the upper bound for Preg(t) is a direct consequence of Theorem C. The lower bound
was proved for rank 1 manifolds with nonpositive curvatures by Knieper in [22], Theorem
5.8. This theorem relies on Lemma 5.6 and 5.7 in [22], which was originally proved by
Knieper in [21]. We will exhibits the no focal points version of these two lemmas. And
then the lower bound follows. Here we define the function l(α) := min{d(p, α(p)) | p ∈ X},
for any α ∈ Γ.
Lemma 6.37. Let X be a simply connected manifold without focal points, M = X/Γ, and
c be a rank 1 axis of some α ∈ Γ and x0 = c(0). Suppose l(α) = t > 0. Then for any ε > 0
there exist a neighborhood U ⊂ X(∞) of c(−∞), a neighborhood V ⊂ X(∞) of c(+∞), and
constants ρ > 0, n ∈ Z+, such that for all γ ∈ Γ with d(x0, γ(x0)) ≤ t and γ(U) ∩ V = ∅,
the axis a of αnγ−1αn is rank 1 with end points in U and V . Moreover l(αnγ−1αn) ≤ t+ ρ
and a′(0) ∈ Bd1ε (c
′(0)). i.e., maxt∈[0,1] d(a(t), c(t)) ≤ ǫ.
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This lemma corresponds to Lemma 5.6 in [22].
Proof. This lemma is a consequence of our results in Section 2. By Proposition 2.11, for a
fixed rank 1 axis c, consider any point c(s) in c, we know that for any ǫ > 0, there exist
neighborhoods Uǫ(c(s)) of c(−∞) and Vǫ(c(s)) of c(+∞) such that for each pair (x
′, y′) ∈
Uǫ(c(s)) × Vε(c(s)), the connecting geodesic γx′,y′ exists and is rank 1 (thus unique!), and
d(c(s), γx′,y′) <
ǫ
4 . Now we take U := Uǫ(c(0)) ∩ Uǫ(c(1)) and V := Vε(c(0)) ∩ Vε(c(1)),
by Proposition 2.11, we know for any x′ ∈ U and y′ ∈ V , the unique rank 1 connecting
geodesic γx′,y′ := a satisfies
d1(a
′(0), c′(0)) ≤ ε.
Thus a′(0) ∈ Bd1ε (c
′(0)), where Bd1ε (c
′(0)) denotes the ε-neighborhood of c′(0) in SX in the
sense of Knieper metric d1.
Lemma 2.12 implies that there exists a constant n ∈ Z+ such that
αn(X(∞) − U) ⊂ V, α−n(X(∞) − V ) ⊂ U.
Note that V ⊂ X(∞) − U , U ⊂ X(∞) − V , and γ(U) ∩ V = ∅. We know that
αnγ−1αn(V ) ⊂ αnγ−1αn(X(∞)− U) ⊂ αnγ−1(V ) ⊂ αn(X(∞) − U) ⊂ V.
Similarly, we have
α−nγα−n(U) ⊂ U.
This implies that αnγ−1αn has end points in U and V . Moreover,
d(x0, α
nγ−1αn(x0) ≤ d(α
−n(x0), x0) + d(x0, γ
−1αn(x0))
= d(α−n(x0), x0) + d(γ(x0), α
n(x0))
= d(α−n(x0), x0) + d(γ(x0), x0) + d(x0, α
n(x0))
≤ 2nl(α) + t.
Let ρ = 2nl(α) + t, then we have
d(x0, α
nγ−1αn(x0)) ≤ ρ+ t,
which implies l(αnγ−1αn) ≤ ρ+ t. We are done with the proof of the lemma.
The next lemma is the no focal points version of Lemma 5.7 in [22]. Here we define
Γst (p) := {γ ∈ Γ | s ≤ d(p, γ(p)) ≤ t} and Γt(p) := Γ
0
t (p) for any p ∈ X.
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Lemma 6.38. Let X be a simply connected manifold without focal points, and c be a rank
1 axis of some η ∈ Γ and x0 = c(0). Suppose t = l(η). Then there exist constants r, s > 0
such that
♯{γ ∈ Γt+r(x0) | γ(U) ∩ V = ∅} ≥
1
4
♯Γst (x0).
Similar as Lemma 6.37, this lemma is also a consequence of our results in Section 2
(Proposition 2.11 and 2.14). Because of the limitation of the length of this article, we omit
the proof at here. Readers can give the proof by follow Knieper method of in [21] without
any difficulty.
Choose a rank 1 axis c of some η ∈ Γ. Let x0 = c(0) and t0 = l(η). Then due to Lemma
6.37 and 6.38, for any ε > 0, we have
♯Aε(t0 + ρ+ r) ≥
1
4
♯Γst (x0),
where Aε(t) := {γ ∈ Γ | l(γ) ≤ t, a
′(0) ∈ Bd1ε (c
′(0)) where a is rank 1 axis of γ}. Together
with Corollary 5.5 in [22], we can get the lower bound in (6.21). We are done with the
proof of the first part of Theorem D.
To prove the second part, we will follow the idea in the proof of Corollary 6.2 in [23].
Suppose htop(g) = h. Let ǫ0 =
h−htop(φ|sing)
2 . First we consider the numerator Psing(t) =
♯Psing(t). For each t > 0, let n(t) = [t] + 1 where [t] is the largest integer less or qual to
t. Let δ = Inj(M) which is the injective radius of M . Then it is easy to see that all the
primitive closed geodesics in Psing(t) form a (t(n), δ)-separated set in sing. This leads to
the inequality:
lim sup
t→+∞
1
t
logPsing(t) ≤ htop(φ|sing) < htop(g)− ǫ0 = h− ǫ0. (6.22)
Now consider denominator Preg(t) = ♯Preg(t). We already explained that the formula (6.21)
holds for geodesic flows on compact manifolds without focal points. Combining the two
inequalities (6.22) and (6.21) in the above, take ǫ < ǫ0, then there is a t2 > 0 such that for
all t > t2,
Psing(t)
Preg(t)
≤ e−ǫt.
We are done with the proof.
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